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CHAPTER 1. Introduction to Computational Fluid Dynamics
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Shanghai 200444, China

Abstract

Introduce the concept of computational fluid dynamics (CFD) continued from fluid
mechanics. Provide the governing equations, conceptions, and related parameters in CFD.

Explained the basic ideology and goal for CFD.

Computational fluid dynamics (CFD), is a method to solve fluid mechanics problems through
numerical methods. Navier-Stokes equation is the governing equation for fluid phenomena and
physics. Due to the nonlinear nature of the Navier-Stokes equation, analytical solution for fluidic
problems are limited to specific situations. Hence, to obtain solutions for more generalized fluidic
problems, we introduce numerical methods like CFD to discretize the equations for results.

In fluid mechanics (or fluid dynamics), the governing equation for fluid motion and physics

is the Navier-Stokes equation, which takes the form
/4
p——=pg — VP + uv?v (1)
dt
Which can be written in the coordinate system for 3D situation:
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Where p is the fluidic density, V is the speed vector; P is the pressure on fluid, u, v,w are the
velocity component in the x,y,z directions, respectively. f is the force acting on the unit
volume. The constant u is the dynamics viscosity.
The Navier-Stokes equation taking the form in Eq. 2 elucidate the physics of fluidic nature.
Yet for computation, we write the Navier-Stokes equation in the following terms for discretization.
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Where P;, E,; marks the external forces and viscosity terms, respectively.

In 3D situation, consider the coordinate system as compared with Eq. 2, Eq. 3 takes the form:
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Where p = pRT = p(1—7) (pE — %(u2 +v2+ wz)).
Here, for classic acrodynamics problems, we neglect the external force as in specific flow fields

(Lagrangian viewpoint). we take the equation in 2D situation for example:
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In the given terms, p is the pressure, gy, are the viscous terms. The given variables have

the following relations:

The pressure p, temperature T, and terms H, E follows:
(10)

p = pRT
pH =pE +p (11)
E= R1 (12)
Y —



Where ¥y = pg and R is the thermal constant.

The viscous term 0y, takes the form:

o= (2) w

Where
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In fluid mechanics, the constants have the following relations:

The sound velocity:

P (14)
c= |—
p
The Reynold’s number:
Re = PY (15)
u
The thermal constant:
__Yk (16)
Pr(y —1)
Where
_M (17
H= Re‘/7

In which Re, Pr, M isthe Reynold’s number, Prandtl number and Mach number, respectively.
The constants relations showed from Eq. 14 to 17 will be further applied on the
nondimensionalization for the equations to be given in Chap. 2.
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CHAPTER 2. Nondimensionalization for Variables
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Abstract
Introduce the nondimensionalization methods for the equations involved in computational
fluid dynamics. Provide an example with different reference variables on Euler equation to

show basic strategies of nondimensionalization.

To solve the governing equations as given in Chap. 1, magnitude of variables needed to be
considered. In storing the variables for calculations, the last few decimal points are neglected
when magnitude doesn’t match. Hence, nondimensionalization of variables in equations is
important for computations for accurate results.

For nondimensionalizations, here we adopt the Navier-Stokes equation in 1D situation

neglecting the spatial term as an example:
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at ox
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In coordinate system, Eq. 1 can be expanded to the form:

Where

dpu  0%*u

ot Hage =0

Recalled from Chap. 1, The pressure p, temperature T, and terms H, E follows:

p = pRT
pH = pE +p
. R
=7
Hence, we obtains:
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Here, we chose the reference variables for nondimensionalization:
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Substituting Eq. 9 into Eq. 3, we obtains:
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written in the form:
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CHAPTER 3. Finite Volume Method
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Abstract

Provide the reasoning of finite volume method based on the integration to discretize the
Euler equation. We first integrate the Euler equation and hence simplify each term of U and H

separately. We therefore give the full term to discretize the Euler equation.

We first give the Euler equation as the controlling equation:

6U+6E+6F_0 1)
at  ox  dy
Where
p pu pv 2)
_ | pu | put+P _ puv
U - pv IE - puv ,F - pvz +P
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We hence integral the Euler equation, as visualized in Fig. 1:

at tox dx a
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Fig. 1 The integral area of the finite volume method based on single mesh element.
Eq. 3 can be written as:
f B 2 -
Now we define the term H:
H=Ei+Fj 5
With the Green-Gauss integration, the right term in Eq. 4 can be written as:
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Based on the Taylor expansion, the term U can be written as:

U
U=U,+—

ou
5 (%) + 50 (= 3 +0(4)

Hence, the mean of the term U can be obtained through integration:
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Here we define the mean of U as:
Uu.dn _7
an

The term U = U(x,t) can be decomposed as the separation of variation:

N
U= Ubx)
i=1
Thence, the term U can be considered:
U(x,t) = U(t)

The integration of the first term is written as:

o _ (U _dU
ot ) dt T dt

Hence, Euler equation can be written as:

du .o
—n+j£H-n-d5=o
dt

The right term can be discretized as the following form.
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We therefore define the term in Eq. 16 as RHS.

RHS=H 1.—H 1. +H 1—H . 1
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The discretized form of the Euler equation is given as the form.

du
—N+RHS=0
dt

APPENDIX. Jacobian Matrix

The Jacobian matrix A as formerly introduced in Chap. 1 can be further diagonalized for

obtaining the eigenvalue A. Here we show how the A matrix and the eigen value is derived.
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We first give the term H based on Eq. 5:

—

H=H'n
Pg (19)
pug + Pn,
| pvg +Pn,
pHg
Where
pH =pE+P (20)

Hence, we deduce that the Jacobian matrix A can be written as:

A J0H
L
g 0 0O 21)
Pn, + pgu
r 0 0O
=| Pn, + pgv
r 0 00
Pg + pEg
r 0 0O
Therefore, matrix 4 is written as:
0E oE 22
A= %nx + %ny (22)
The eigenvalues of matrix 4 are
A = q =un, +vn, (23)

Ay =q =un, +vn,
A3=q+c=un,+vn,+c
A =q—c=un,+vn,+c
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CHAPTER 4. Finite Difference Method
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Abstract

Provide the reasoning of finite difference method (FDM) from discretize the derivative of
the flux. A continued method for discretization of unequal distance meshing is provided based

on FDM from the meshing transformation as to be introduced in Chap. 7.

We first give the Euler equation as in 1D situation:

ou N OE
ot = ox
For the 1D situation, the boundary conditions and the governing equation can be written in

combined as in Eq. 2, as visualized in 0:
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Fig. 1 Schematic for a 1D shock wave equation.
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Fig. 2 Schematic for spatial discretization in a row.

As shown in Fig. 2, the spatial term in x direction can be expanded as Taylor series:
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Subtracting Eq. 4 to Eq. 3, one obtains:
Uy1— Ui = Z%Ax
i
Hence, Eq. 5 can be reduced to:
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Which the discretization method is nominated as the central difference method (CDS).

Based on Eq. 3, we can write:

ou
Uis1 = U; +a—xiAx (7

Subtracting Eq. 7 to U; one obtains:

au
Uy — U; = — Ax ®)
i+1 i axl
Hence, Eq. 7 can be reduced to:
ov) _Un—Ui ©)
dax |; Ax

Which the discretization is called the front difference scheme (FDS).

Referred from what is shown form Eq. 7 to 8, we obtains:

ouU
Uiy = Uy — 5—Ax (10)
1A

Subtracting Eq. 10 to U; one obtains:

Ui— U4 11
U —Ui_y = lA—xl (1)
Therefore, the derivative takes the form
o) _Ui—Ui,y (12)
ox i Ax

Which is called the back-difference scheme (BDS).

For spatial discretization, we have

Upr — U

ikt FDS (13)
oy | vty
vl _ i —Uiq
dx |; Ax — BDS

Uiy1 — Uiy

_ D

2bx DS

For discretization of time derivatives, we apply similar strategies:

Un+1 _ Un (14)
A — FDS
dU| B yn —yn-1
del, = Ax - BDS
Un+1 _Jqn—-1
ax DS

Here we give the artificial dissipative term as to be discussed in Chap. 6 in spatial discretization

based on CDS:

Uipr — Uiy 0%u 0*u (15)
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Also, for unequal distance meshing as to be introduced in Chap. 7 as visualized in Fig. 3, we

) . au .
can discretize the term 5, In the forms:
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Fig. 3 Schematic for the unequal distance meshing in a row.

Here, we expand the Euler equation as in 2D situation:

oU O0E OF
= (19)
at + d0x + dy 0
Where
0E OE 0E (20)

o %Q P
JOF OF 4 oF
ay ~ o> oy
Hence, the 2D Euler equation takes the form:
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CHAPTER 5. Boundary Conditions
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Abstract

Introduce the basic strategy to analyze and give the boundary conditions in different
scenarios based on an 1D non-viscous situation (Euler equation). Introduce the boundary

conditions in three different scenarios.

In solving mechanics problems, whether involved in fluid or solid, boundary conditions
(BCs) are always considered one of the most important factors. In computational fluid dynamics
(CFD), slightly difference in BCs may strongly variate the calculation results. Therefore, choosing
the right BCs for whether specific engineering problems or research works are critical and must be
scrutinized. Here, we introduce three basic BCs model commonly encountered in CFD.

We first give the Euler equation as in 1D situation:
ou OE
U OE _ (1)
at  0Ox

For the 1D situation, the boundary conditions and the governing equation can be written in

combined as in Eq. 2, as recalled from Chap. 4, can be visualized in Fig. 1:

o U _ )
ac " Yox
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o
>
»
»
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o
>
»
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Fig. 1 Schematic for a 1D shock wave equation.
Recall the flux H as referred form Eq. 7 and Eq. 11 in Chap. 1, we have:

Pq (3)
puq + pny
pvq + pny,
pHq

Where q = un, + vn,,.

Here, we introduce the three basic scenarios for different boundary conditions:



1. No-slip wall

The no-slip wall BCs is the most commonly encountered BCs when the fluid-solid interactions
are involved. Here, Fig. 2 visualize a typical model with meshing on of the no-slip BCs, which
shows how the continuum pressure values is discretized nearing the wall boundary when the normal

vector is parallel to the pressure variation.

Pn
Pz
1
- _2_?_ - pl
+ po 2
n
Fig. 2 Schematic for the no-slip boundary conditions.
For no-slip BCs, we have q = 0, thence the flux takes the form:
0 “4)
H — pnx
pny
0
The velocities on the wall obeys:
{uwall =0 5)
Vyau = 0
The pressure on the wall obeys:
Pyan = PL (6)

Here we provide a coding example (FORTRAN) on giving the no-slip wall boundary conditions.

Where the mesh generation of a 2D situation applied on a no-slip BCs is shown.

1
2
K]
4
)
6
7
8

I1. Symmetry wall

Symmetry wall BCs are widely encountered for symmetric geometries including the NACA

“00 series” airfoils, bullets, ships, etc. Here in Fig. 3 we show a schematic of the symmetry BCs

. u . "
with V = (Vi) as the velocity vector and n as the position vector.



v |

Fig. 3 Schematic for the symmetry boundary conditions.

For symmetry situation, the velocities follows:
UpwanNy T Vwauly = 0 @)
Where the velocities in the two directions obeys
Upau = Uy — (Ugny + U1ny) My )

Vwau = V1 — (ulnx + Ulny) LY ©)

The flux on the boundary takes the form

0 (10)
H — pnx
pny
0
The pressure obeys:
Pyan =Py (11)
I11. Far field

Far field BCs are widely applied on noise calculation, thermal estimation and other problems
common in aerodynamics. Here in Fig. 4 we show how a typical far field BCs is adopted based on
an airfoil meshing, where mostly applied on noise calculations. Usually, for acrodynamic and fluid

mechanics, the flow field is chosen to be much larger than the targeted structure to obey the far field

BCs.

- ——>Far field

e

____>x

Fig. 4 Schematic for the far field boundary conditions, with a structural meshing of an airfoil.



The far field BCs involves the following situations:
i. For Ma < —1:
When the Mach number obeys Ma < —1, we refer the situation as “supersonic outlet”, where

the flux U can be written as:

p p Poo (12)
pul [pu) [ puc
pv | |\ pv | T\ PV
PE/,  \PE/, \pEs

Hence the flux H can be reasoned:

Pooloo (13)
Pl oo T PooTlx
PV + Doty

PHwGoo

= H=

ii. For —1 < Ma < 0:
The BCs obeys —1 < Ma < 0 are considered as “subsonic inlet”, where the flux H can also

be reasoned through the flux U:

p Poo (14)
pu Pl

pvi = PV = H = F(ul) +F(u2) +D1 + -

pE; PEc

iii. For 0 < Ma < 1:

The BCs is considered “subsonic outlet”, where the flux takes the form:

p P P s (15)
PUs | = | Pl | = pE; = —=+ — (1, + ;%)
pV1 PV y-1-2
Hence the flux H is reasoned:
pP29> (16)
PUzqy + pany
= H =

pYv2q; + pony,
pEZ + Poo

iv. For Ma > 1:

The BCs Ma > 1 is the “supersonic outlet”, where the flux H can be reasoned:

P p P24> 17)
pur | [ puz | PU2qz t+ Py
pvy | =\ pv, |7 H= PV2q2 + P21y
pE; pE; pE;

Where



pE = L= 1 Ly (18)
and

pH = pE +p (19)
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CHAPTER 6. Artificial Dissipative Terms
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Abstract

The artificial dissipative term was raised by A. Jameson in applying Runge-Kutta method
solving Euler equations by finite volume method [Jameson et al., 1981]. Here we show how the

artificial dissipative term is derived from the flux H.

We first start with the Euler equation:
ou O0E OF
e T )
ot toxTay =0

We apply the finite volume method as given in Chap. 3 on the equation and obtains

f (6U> ds + f (aE + aF) ds =0 2
at ax ' dy -
The second term can be transformed through the Green-Gauss transformation:
JE OF
—+—)dS=¢ (En,+Fn,)dsS 3)
f(ax * ay) ffm( n + Fry)

Referred from Chap. 3, the term in Eq. 3 is considered as RHS, taking the form:

= — — 4
RHS Hi+%,j Hi—%,j +Hi,j+% Hi,j—% 4)

Referred from Eq. 18 which is given in Chap. 3, the form of Euler equation that discretized by

the finite volume method can be written as:

du
—0+RHS=0 )
dt
Ui,
T
i+5.)
Fig. 1 Discretization on the boundary.
The timing step can be discretized as:
U 1 =1(U- 4+ U ;) (©)
i+5, 2 i+1,j LJj

Based on the discretization on the boundary surface, and as referred from Eq. 4, the



discretization of the flux H on the boundary surface can be written as:

1
— 7
Hi+%,j —E(Hi+1,,-+Hl-,,-) -D )
Where D is the artificial dissipative term.

The artificial dissipative term D = D;; is derived from the discretization of the boundary

surface flux H, 1 i Here, the term D; ; takes the form:
>

j=D,1.-D 1.+D . 1-D . 1 ()
i+5)] i=5J Ljt3 Lj-3

Where the artificial dissipative term on the boundary surface can be discretized as:

1 ©)
__" @ )
Di+%,j =4 <€i+%’j(Ui+1,j ~Uj) - €i+%,j(Ui+2.j = 3Uiy1j + 303 — Uiy )
Where
£? = k@max (vi(i)l,vj(z) ) (10)

l+7,]

5 (1)
e =max|o, (K(4) — @ >
i+5.] 13,

Hence, based on Eq. 7, and the discretization of the artificial dissipative term on the boundary

surface shown from Eq. 8 and 9, we deduce that

1 1
H, 1 Z_(Hi.j_HHl,j)_ED- 1 ©)

i+5J 2 i+5,]
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CHAPTER 7. Meshing Transformation & Viscosity Discretization
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Abstract
In meshing objects with structural meshes such as meshing of airfoils, we need to

transform the meshing to the coordinate system. The transformation process of the meshing

coordinates is provided. The methods for discretization of the viscosity is hence given.

We first recall the viscous term as gives in the Navier-Stokes equation in Chap. 1:

aui (1)
o= (55,)
Here, the derivative term takes the form based on the Green-Gauss integration:
Ju 2
a”_fﬁdﬂ—lj% - (2)
ax  Jdo _of"T"
1
= 3)
%) ui+%,jni+%,jAS
Hence, the partial derivatives of u can be discretized taking the forms:
Ju 1
o — — - 4
0x|i,j 0; (usi+;.j usi—%,j + usi,j+% usi,j—;)
Substituting the relation as given in Eq. 3, we deduce
ou 1
= = (u... . . . 5
oxly, = 20,, (u1+1,] + ul,])niJr%'jSH%J + (uUJrl + ul'f)ni,j+%5i,j+% (5)

— (ui—l.j + ui,j)ni_%’jsi_%’j — (ui'j + ui’j_l)ni‘j_%si‘j_%

Here, the meshing elements in a row can be visualized as shown in Fig. 1. The structural

mesh are shown in the x-y coordinates (adapted mesh). The transformed mesh in the coordinate

system is the (-7 system as shown in the down view.

y —
4 LA BN
|
S
1
l—=,] |
0 2 2
tli-vj | ij |[i+1j]i+2)
- Al=1 Al =1

Fig. 1 Schematic for meshing elements in a row.



The derivatives on the top side can be transformed to the coordinate system as written:

u _ u u

o - (6)
In which the term Z—? can be written as
Jdu
o _ (7
aq (”i%f ui—%.j)

Where the two terms on the right side can be derived from the down view in Fig. 1:

Uy, — Uy

u 1 =—2 - 3
i+5,] 2

u Ujj —Ui-1,j
i—5] 2

Similarly, the component in the n can also be decomposed as:

ou
- ©)
on (uiJ +% Y -%)

Where the two terms follows

Ujj+1 — Ui

u oq=— (10)
1,]+2 2
Upj — Ui j-1
u . 1= / ]
Lj—5 2

d . .
Thence, the term ﬁ can be discretized as:

oy o) o an
oxly;  a¢>* i+3. on'™ i+3.
1 du du ou 6u| (12)
T 4\ox i+3.] T ox i~2J ax Lits Tox Li-3
—————— >
i
1
”U
\\ y
y
A
| \\ g
I b
Fig. 2

Schematic for the meshing transformation of the two coordinates with an airfoil.
Here in Fig. 2 we present an example of the meshing transformation based on an airfoil. The

2



x-y coordinate indicate the original structural meshing corresponds to the coordinate system {-7.

With the presented transformation, we can discretize the terms H-7 ofthe viscosity term as

given in Chap. 3 considering a 2D situation:

0
011Ny + 0121y
g1y, + 022Ny

el
Sy
I

oT oT
(uy011 + Up0y2)n, + (Uy04; + U020, + K (anx + @ny)

Where the derivatives can be transformed through the Green-Gauss integration:

T
5740 =3€T-nxds

faTd.Q —iT das
ay My

Referring from Eq. 7 to 8, we can write derivatives

Ju oJu Jdu
x> o™
Ju OJu ou
TR

Here, based on Eq. 13, let us consider the derivative terms on the boundary as shown in Fig. 3:

ou| Uy — Y
Oxliyl N
= (Wip1 — ui)(xH_% + (uj+1 - uj)an%
! | +
Tz T2
- | i i |
i-2 " -1 T Tyt ]
e i

Fig. 3 The meshing points in the row in i-direction.
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CHAPTER 8. Implicit Difference Scheme

© Hanfeng Zhai

School of Mechanics and Engineering Science, Shanghai University
Shanghai 200444, China

Abstract

Provide an implicit scheme method with a given half differential equation. We first
discretize the equation with finite difference; hence elicit the terms D, L, U to linearize the

given equation and update the solution w.

Let us consider a simple differential equation:

d
Y o RHS (D
dt

The equation can be discretized with the finite difference method; in the n+1 moment:

+1 __
= At T RHs™ 2)

In which

ORHS
RHS™ = RHS™ + ——= (W™ = w") + 0(4w?) 3)

Let us consider w™*t! — w™ = Aw. Hence, Eq. 3 can be reduced to
ORHS \"
RHS™ ~ RHS™ + (WAW) “)

Eq. 2 can be further written as

Aw aRHSA — RHS™ (5)
At 0 W=
Which can be reduced to
I ORHS
(— - —) Aw = RHS™ ©)
At ow

Now, we can consider Eq. 6 as a simple linear equation form, which is written as:
AAw = RHS™ @)
Jij+1 ] " + 1
i—1,j / / i+1,j ) 1
RV
1

1 41
l El} l 2;]

Fig. 1 Schematic for the single mesh element.



From Fig. 1, the term RHS can be decomposed as:

(RHS)yy = Hy 1, —H, 1, +H, 1~ H, 1 ®)
In which
Hﬁ%j=H0WﬁWHU) )
Hi—%‘j = H(wj,wi_1j ) (10)
Hi,j+% = H(W;;,Wijs1) (11)
Hy;1=Hwijwij-1) (12)

Here we define three terms from term RHS and w:

_ ORHS;;

p=—=-~"=~ (13)
aWij
ow;_1; 0w
_ ORHS;; N ORHS;; (15)
OWir1j  OWijyq
Hence the linear equation Eq. 7 could be written as:
ORHS (16)
L+D+U)Aw = ——
( Aw = —
From Eq. 14 to 15, we obtain:
ORHS;; ORHS;;
Aw = 2 Wi_1,j — Aw; j_q (a7
6Wi_1']' aWi’j_l ’
ORHS; ORHS;;
Udw = & Wit1,) — Aw; jiq (18)
Wit1,j d L,j+1
Therefore, we could simplify Eq. 16 as
(L+D+U)Aw = (L+D)D~Y(U + D) 4w (19)
The right term in Eq. 19 could be further simplified as:
(L+D)DY(U +D)Aw = (L-D~*+ (U + D) Aw
=L-D'U+(L+U+D)Aw™? (20)
Where LD~ U could be considered as an infinitesimal of high order.
Substituting Eq. 19 into Eq. 16:
(L+D)D™*(U + D)Aw = RHS 21
Eq. 21 can be further linearized as:
(L +D)AQ = RHS (22)



DAQ = RHS — LAQ (23)

AQ = D™1(RHS — LAQ) (24)

j A AQU

1,3123
1,2(2,2
11,112,1(31141

]
'

au, aL =0

v
~.

Fig. 2 Schematic for the meshing.

From Fig. 2 we could write the term AQ;; as the following terms:

4011 = D11_1RH511 (25)

40Q;, = D11_1(RH521 — L4044 ) (26)
AQyz = Dyy '(RHS1; — L134Q11 ) 27
AQnm = (28)

Hence, the full sets of the implicit scheme algorithm could be summarized as:

Step 1: AQ = D™Y(RHS — LAQ)
Step 2: AQ = (DU + DAw

Aw = AQ — DU Aw
The solution can be updated as

)

Step 3: wtl = wh + Aw
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