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This paper contains a series of papers/scientific reports carried out by the au-
thor(s) with partial assistantships from other professors/scholars. The paper covers
a wide application of studying mechanics with computation methods. For solid me-
chanics, we study chip mechanical distribution of thermal field based on analytical
solutions shown in SECTION I. We thence form the computational algorithms of
composite’s constitutive model in SECTION I1. We also design composite material
with high mechanical behavior based on microstructure of enamel and nacre in
SECTION III. In SECTION 1V, we study how crack propagate on dentin’s micro-
structure. For fluid mechanics problem, we mainly focus on applications of ma-
chine learning methods. We predict airfoil noise of NACA 0012 based on decision
tree in SECTION V. We also predict the water emptying time of the water dis-
charge problem with neural network in SECTION V1.
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SECTION I

Thermal estimation of smartphone chipset: mechanical dis-

tribution of chipset in Multiphysics field

Abstract

Chipset, a key essence that espouses the function of smartphone. The concen-
tration of this study was to evaluate the thermal effect that was implemented to the
chip. Chipset was modeled as a thin plate and bonded by fixed support in the study.
The governing equation was reasoned and demonstrated from the eigen-strain in Mul-
tiphysics field and constitutive equation. The boundary conditions of the chipset are
given according to the physical circumstance in smartphones. Accordingly, coeffi-
cients and parameters was given by considering the real materials used in manufactur-
ing. The stresses oy, and a,,,, and displacements u,, and u,,,, distribution along the x
and y axis is obtained and featured as graphs. The stresses are increasing successively
along the x and y axis on chip. The displacements are increasing successively along
the x and y axis. The deformed shape of chip under thermal effect is kindred to a trap-
ezoid. A graphical distribution and numeral solution could be obtained by using finite
element method. The stresses and displacements generally unevenly distributed in
chip based on the simulation. Several possible optimization methods is discussed.
These insights could provide guidelines for engineering and manufacturing of
smartphone chip.

Keywords: smartphone chip; Multiphysics problem; finite element method; thermal
analysis; stress field
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Introduction

Smartphones are widely used and applied nowadays. With the growing trends of
pursuing higher running speed with bigger storage, high functional and integrative
chipset is required. Howbeit if the demand beyond the limitation of Strong heat flux
and thermal displacement might seriously nullify the chip. Therefore, estimate the
thermal effect that has implemented on chipset in smartphones’ mechanical field is

extremely important.

The thermal effect of chip has long been discussed and studied by scholars. Tang
et al. [1] studied the thermal effect of chip’s power enlarging functions observed
through infrared rays. Liao et al. [2] concluded that Performance is affected by both
temperature and supply voltage because of the temperature and voltage dependence of
circuit delay through study the factors that may induce thermal runaway and leakage
power and estimated the possible effects. Qian et al. [3] did an accurate and efficient
thermal analysis for a VLSI chip is crucial, both for sign-off reliability verification
and for design-time circuit optimization. Liang et al. [4] carried out a hybrid random
walk method is proposed for the thermal analysis of integrated circuits.

Fig. 1 Thermal image of chip under thermal field.

While when it comes to the mathematical estimation and simulation of the ther-
mal loading on chip, Guo et al. [5] Aiming at the problem of local high-temperature
thermal effects in large-scale IC chips, and developed a technique for thermal analysis
of the chip using a random walk algorithm is proposed. Tang et al. [6] presented a
present a hybrid algorithm to compute the convex hull of points in three or higher di-
mensional spaces through uses a GPU-based interior point filter to cull away many of
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the points that do not lie on the boundary. Plus, Ma et al. [7] also Aiming at the prob-
lem of local high-temperature thermal effects in large-scale IC chips, howbeit they
proposed a grid-based random walk method to analyze the steady-state temperature
distribution. Their algorithm only calculates the points near the heat source, thus the
method greatly reduced the amount of calculation. Also, techniques based on the do-
main decomposition method (DDM) are presented for the 3-D thermal simulation of
nonrectangular IC thermal model including heat sink and heat spreader by Yu et al.
[8]. Zhan et al. [9] present three highly efficient thermal simulation algorithms for
calculating the on-chip temperature distribution in a multilayered substrate structure.

Moreover, many scientists and scholars tried to experimentally analysis of the
chip thermal process. Yu et al. [10] studied smartphone chipset’s thermal perfor-
mance not only by finite element simulation but also carried out experiments to reflect
the thermal process of chip. Le et al. [11] describe the implementation of the IBM
POWER6™ microprocessor, a two-way simultaneous multithreaded (SMT) dual-core
chip whose key features include binary compatibility with IBM POWERS5™ micro-
processor-based systems. They tested several properties of the chip and concluded
that Key extensions to the coherence protocol enable POWERG6 microprocessor-based
systems to achieve better SMP scalability while enabling reductions in system pack-
aging complexity and cost. In fine, the thermal effect of smartphone chip is at the cen-
tral topic which attracted many scholars and studies.

Method
1. Mathematical Model

When loaded under Multiphysics field, the particle is undergoing both mechanical
and non-mechanical effects. Therefore, estimating both these effects on materials re-
quires both mechanics and physics field governing equations. In this problem, the
chipset is modelled as a thin plate loaded under thermal field and bounded at the bot-
tom side. The chipset model is simplified as below, where the heat is caused by bat-
tery.

Initially, converting the thermal effect into mechanical effect requires a mechani-
cal tensor called the eigen-strain, which includes both the effects of volumetric and
expansion strain due to physic field. Consequently, the thermal boundary conditions
could be deduced and substitute it into the heat equation could reason the curvature of
the plate. Subsequently, given the mechanical boundary conditions and substitute it

4
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into the Constitutive equation could reason the form of stress and displacement. By
superpose the eigen-strain into the solution, the form of stresses and displacements are
concluded.

1) Eigen-strain:

Eigen-strain consists of two parts: volumetric strain and expansion strain. VVolu-
metric strain: the materials’ volume change under free-standing condition

AV
SV =70=Q(T—T0)

Where a is called the volumetric thermal expansion coefficient. T, is the initial tem-
perature.

Expansion strain: the materials’ expansion or shrink caused by change of temper-
ature.

e11 = 11 (T —Tp), &;j = a;;(T —To).
for isotropic material: o, =a,, =1, :§ a. We may name these strains induced by

physical variables other than the stress the eigen-strain, denoted by a*, g;;. Itis the

strain caused by physical changes under stress-free condition.

2) Heat equation:

For thermal field, the relationship between temperature and time is

oT k
———VT=0
at  pcp

where c,, is the specific heat capacity, p is the mass density of the material and k is the
thermal conductivity.

In this case, the temperature boundary condition of chipset could be given

)] Temperature on boundary: T = —5000 - y + 345.15[K] on S

i) Heat flux boundary condition: Z—;rl =0,0nS
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iii) Convection boundary condition (Newton boundary condition):

Z—Z = h(T —T,) on S, where h is film coefficient, T, = 295.15K

...............................

Heat

-

Fig. 2 The mechanical model of smartphone chipset physics, where the heat is created by the
exothermic process of battery. In the mechanical model, the battery thermal field is consid-
ered as a semi-infinite heating source.

3) Constitutive equations

Considering the Multiphysics field, Hooke's law for elastic mechanical displace-
ments needs to be generalized to consider eigen-strain which is caused by other physi-
cal variables.

For smartphones’ chipset, a thin plate is loaded in multiaxial state, where

o, #0 (i,j=1,2,3)

s 1 1 1 1
M= p o T 2T (O3 +§05(T_T0)
1 1 1
€22= F 022 ~ 011 T 033 +§a(T—To)
1 1 1 1
<533:EU33_EO'22—EO'11 +§05(T—To)
1
512:E012
1
513:EU13
1
L €23= 5~ 023
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which could be simplified as

1+v v .
&j=—fp oyt Eakk6ij + &

where g;; = ga(T — To)6;j-

Thence, substitute strain and eigen-strain into Hooke’s law, one could obtain the
stress components in terms of strain components:

gij) + (1 + V)(l _ 21/) (SKK - Ekk)

Gij =26(8ij —

Boundary Condition:

Mechanical condition:

i) Displacement boundary condition: u; = 0 on Sy
ii) Traction boundary condition: gjinj = 0 on Sy

The simplified model of the chipset is shown as below in Figure 3.

1
(]
(]
1
1
(]
(]
1
V

Fig. 3 The size parameters and three-dimensional simplified model of the chipset, where
[=0.005m, h=0.001m.

Based on the given boundary conditions, it could be induced that in thermal
field:

Oyy F Oxx # 0;
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Ozz = Oxy = Oyz = Oxz = 0;

Therefore, the eigenstrain could be deduced:

v v

*
€z = _Eo-xx _Eo-yy t &z,

Exx = Exo T KY
Eyy = Eyo + Ky
Thence, we could give the form of oy, and g,

E

v v v
Oxx = m (Exx — &xx) + (L+v)(1-2v) (2ex — Eo-xx - any — 2&xx)
E Ev v
Opy = ——

%
Yy 1+v(gyy_gyy) * 1+v)(1-2v) (2yy TgTxT g% ~ 2¢yy)

Consequently, we substitute the above simultaneous equations:

3 E — Ev — Ev? ( 3 Ev? .
e = A=yt = 2v) & &) TSy Sz B T )
E —Ev — EV? Ev?
0.

Y

y = (1—v2)(1—-2v) (gyy - E;J’) - (1—vD)(1-2v) (Exx — Exx)

Based on the strains, one could also obtain the displacement:
uij = f eijdxi

. . . . E—Ev-Ev?
Subsequently, in order to simplified the calculation process, we name o)

Ev?
A, m as B.

The traction-free boundary conditions on two side faces have been satisfied
automatically. Since we focus on the eigen-strain induced stress which does not in-
clude the effect of external mechanical loading the end of plate is mechanically free
and the mechanical boundary conditions could be specified as

l l
f—l Jxxdy = O’ f_lgyydy =0
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l
f oyyydy =0
-1

Substitute the above form of o, and o, into the boundary conditions:

l l
A-Zl-eyO—A-feyydz B-Zl-exo-i-B-fe;‘;de:O
-1 -1

l l
A-Zl-exo—A-fe;ydz—B-Zl-gyo-i-B-fe,";xdz=0
-1 -1
l l l l
A- f (&y0 + ky)ydy — A - f gyyydy — B - f (€x0 + ky)ydy + B - f Exxydy =0
-1 -1 -1 -1

In order to simplify the calculation process, we elicit the given forms:
A-2h=m,B-2h=n

By solving the above equations, we could obtain the parameters in the equa-
tions:

A-B (! :
Exp = m(j S;Xdy +J E;ydy> - Eyo
-1 -1
_47F fl*d+fl d Afl*d
gxo_m_n _lgxx Yy Syy Yy m+n y

B (' (A—
f Exxdy — ooy —y (f dy+f eyydy)
l

m+nj_

4 L B (' (A-Bmn (. L
o= 2 j_ Gy = j_ by o f_ ey + J_ £yd)

U, U,
3(A- [ ,&yydy — B [ exydy)
(A—B)-2h?

K =

Hence, the stress o, and a,,, is obtained.

Now we substitute the eigen-strain &5, (z) = gaT (2), gy(2) = gaT(z), we

have
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_a (! p a(B—A) (! 4 aB ! p
exo—ﬁf_lT(y) y+—6h(A+B)f_lT(y) y——3h(A+B)f_lT(y) y

_a(A-B) lT p aB lT p
fyo—m . ) J’+mf_l »)dy

l
L TO)ydy
a 2h3

Therefore, the final form of the stress is reasoned by substitute e, €, k into the
equation of stress and displacement.

Subsequently, substitute the given temperature and coefficients into the stress and
displacement.

Temperature: T(y) = —5000y + 345.15 [K]
Volumetric thermal expansion coefficient: a(Si) = 5.8 x 1077 [1/K]

For silicon (100) and (110), Young's modulus varies from 130.2 GPa to 187.5
GPa, Poisson's ratio varies from 0.064 to 0.361. Therefore, we let E(Si) = 150 [GPa]
and v(Si) = 0.1.

The results is obtained by substituting these coefficients.

2. Finite Element Simulation

To analyzing this problem more comprehensively and better observing the me-
chanical change of the chipset, operating a numerical simulation based on ANSYS
could offer a reference on the given calculation. To estimate the details more accu-
rately, I model the major structures of battery, screen, and circuit board to bond with
the chipset. In the modelling, the material for battery is Copper; the material for cir-
cuit board is High Polymer (a kind of plastic); the material for screen is glass; the ma-
terial for chipset is Silicon. The model is shown in Figure 4.

10
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0,00 50,00 100,00 (rmim)

25,00 73,00

Fig. 4 The modelling of the chipset and its corresponding parts in smartphone. The bottom
part is smartphone’s screen. The large cuboid is the circuit board. The small cuboid is the bat-
tery. The small slice is the chipset.

Results
1. Mechanical Variables

As it is shown in the former chapter, after substituting the results of strain, eigen-
strain and curvature into the form of the stress and displacement, the final results of
these mechanical variables is deduced. Howbeit due to the form of the results is com-
plex and cannot be written as algorithm forms, featuring these variables as graphs is
more intuitive and clearheaded.

Initially, the high temperature of the battery in the smartphone is considered as a
semi-infinite thermal field. For areas surround the chipset, the thermal field is consid-
ered as a successively decreasing temperature, where the schematic diagram is shown
in Figure 5, the graph is shown in Figure 6.

After substitute the temperature equations into the stress and displacement equa-
tions, graphical features and the two stresses oy, and g,,,, along the y axis is shown in
Figure 8(a), and the separate graphs of each stresses is shown in Figure 8(b).

11
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Temperature Distribution

Zo——X

-

Fig. 5 The temperature distribution along the chipset when loaded under the thermal effect of

smartphone battery. In this problem, the temperature function is considered as a linear equa-
tion (T(y) = —5000 - y + 345.15 [K]) of y axis to temperature.

Tem perature Distrbution along the y axis

w
w
o

Tem perature
w
~
(=]

330

320

310

Fig. 6 The plotted graph of y axis to temperature.
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Fig. 7 The stress-strain diagram representing the constitutive equation.
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Stress o in x direction distribution along the x axis
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Fig. 8 (a) Relationship of stress oy, to X axis.

As it is shown in Figure 8(a) and (b), the stress shows a linear relation with the

distribution axis, which shows that stress is growing along the chip.
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Fig. 8 (b) Relationship of stress o,,,, to y axis.
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Stress o, distribution along the chip

4.53¢7

Fig. 8 (c) The distribution of stress o, on smartphone chip.

Stress oy, distribution along the chip

4.53e7

Fig. 8 (d) The distribution of stress a,,, on smartphone chip.

From the figures obtained one can deduce that the stresses oy, and a,,, along the

y axis are both increasing successively. In the shown graphs and calculated equations
one knows that stress oy, and a,,, remains a constant on x axis and satisfy a linear re-

lation with the y axis. From the obtained diagram one could plot the stress o, and
ay,, distribution on the smartphone chip, respectively [Figure 8(c) and Figure 8(d)].

14
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Similar to the stresses, the displacement could also be calculated through substi-
tuting the strain into strain-displacement relation u;; = [ & ;dx;. The graphical feature
of the two displacements are shown as below. Based on equation given above: &,, =
gxo T KY, &,y = &y + Ky. We obtain that the both the strain in x direction and y di-
rection satisfies a linear relation with variable y. Thence through integration we de-
duce that the displacement in x direction is a function consists of both variables x and
y. Simultaneously, the displacement in y direction obeys a quadratic relation. By fea-
turing the two displacements u,, and u,,, one could deduce that the two displace-
ments are following the same trend. They both initiated with the negative values and
values zero at the central point and increasing successively.

<10¢D isplacem entu in x direction distribution along the x axis
T T T

T T T T T T T T
15 4 UXXVS. X |
: Displacement Curve
1 - —
0.5 n
o]
< 0fF .
=]
0.5 f
_1 [ —
-1.5 f
1 1 1 1 1 1 1 1 1 1 1
5 -4 3 2 -1 0 1 2 3 4 5
%107

Fig. 9 (a) Relationship of stress u,., to x axis.

<10D isplacem entu in y direction distrbution along the y axis
T T

150 * uyyvs.y
’ Displacement Curve
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Fig. 9 (b) Relationship of stress u,,,, to y axis.

Based on the equation calculated form the integration and deducing mentioned
before one could plot the displacement diagrams as shown in Figure 9(a) and (b).
Plus, a three-dimensional relation of the displacements to the axis and temperature
[Figure 9(c)] and displacements to the two axes [Figure 9(d)].

Displacem entuxx distribbution along the coordinate axis and tem perature

x107® /
2

360
340 0
x107°

320 5

tem perature distribution axis

Fig. 9 (c) Relationships between displacement to the distribution axis (x or y) and tempera-

Displacem entuxx spatialdistribbution

x10 /

ture.

Fig. 9 (d) The spatial distribution of the displacement u,..

16



Hanfeng Zhai Computation Methods for Applied Mechanics

Based on the plot diagrams containing relations between displacement u,.,, and
u,,,, to the two axes we could build schematic view of displacement distribution on
the smartphone chip as shown in Figure 9(e) and Figure 9(f).

Displacement u,, distribution along the chip

coordinate origin

Fig. 9 (e) The distribution of displacement u,.,, on smartphone chip.

Displacement u,, distribution along the chip

Fig. 9 (f) The distribution of displacement w,,,, on smartphone chip.

2. Finite Element Estimation

17
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As it is modelled in Figure 4, we set the temperature of the battery is 70°C
(345.15K) and simulate both the temperature field, stress and displacement field. The
results is shown is Figure 10(a), Figure 10(b), Figure 10(c).

According to the simulation results shown above, one could obtain that from the
interaction of the temperature, the chip temperature is generally higher than its sur-
rounding circuit board. The temperature of the chip is around 25°C to 30°C, which is
not a high considering the heat of the battery.

From the result of stress, one could observe that the stress is not evenly distrib-
uted along the chip, where the central part has generally higher stress value than the
chip’s edge. Along the y axis, the stress on lower part is trivially higher than the stress
on higher part, which correspond perfectly to the calculation results. The stress value
is around 2.3 x 107Pa.

B: Steacly-State Thermal

Temperature

Type: Temperature

Unit: °C

Time: 2

Custom Obsolete

8/1/2020 6:52
7,00215¢1
7.00200e1 Max
6,41297¢1
5,87337el
5,37917el
4,92655¢e1
451200l
4,13236e1
3,78465¢1
3,46620¢1
3,17454¢1
2,90743¢1
2662791
2,43873¢1
2,23353e1

2,04560e1

I;>

Fig. 10 (a) The temperature distribution of simulation in smartphones when battery is set to
be at 345.15K.
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C: Static Structural

Equivalent Stress

Type: Equivalent (von-Mises) Stress
Unit: Pa

Time: 1

8/1/2020 7:02 pp

1,6014e8 Max
1,487¢8
1,3727e8
L 125838
L 1143068
L] 10205e8
= 9,1512¢7
8,0073¢7
I 65634e7
L 5719667
L 4575767
L] 3431867
B 2,288e7
1,1441e7
2406,7 Min

o

Fig. 10 (b) The stress distribution of simulation in smartphones when battery is set to be at
345.15K.

C: Static Structural
Total Deformation
Type: Total Deformation
Unit: m

Time: 1

8/1/2020 7:02 pp

5,5571e-5 Max
5,1602e-5
4,7632e-5
4,3663e-5
3,9694e-5
3,5724e-5
3,1755e-5
2,7786e-5
2,3816e-5
1,9847e-5
1,5877e-5
1,1908e-5
7,9387e-6
3,9694e-6
0 Min

Fig. 10 (c) The displacement distribution of simulation in smartphones when battery is set to
be at 345.15K.

From the displacement results, one can obtain that the displacement is not uni-
formly distributed along the y axis, where the value is around 3.96 x 10~°m. The de-
formed shape looks like a trapezoid, which shows that the chip tend to extend its vol-
ume when encounters higher temperature.
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Conclusion

In determining the stress and displacement of smartphone chipset, | assume the
temperature distribution is a linear equation along the y axis, where the equation is
T = —5000 - y + 345.15[K]. The mathematical solution of the stresses and displace-
ment is obtained through substitute the strain and eigen-strain into the heat equation
and constitutive equation. By implementing the thermal load into the stress and dis-
placement results calculated, one could plot the stress-x, stress-y and displacement-Xx,
displacement-y diagrams [Figure 8(a), (b). Figure9(a), (b)]. Furthermore, schematic
view of stresses distribution on smartphone chip is given based on graphs [Figure
8(c), (d)]. A spatial distribution of displacement u,., to temperature and axis [Figure
9(c)] and the spatial distribution of u,.,[Figure 9(d)] can be plotted. Similarly, sche-
matic views showing the displacements distribution on smartphone chip is given
based on the calculated results [Figure 9(e) and Figure 9(f)].

From the simulation, one could model the chip bonded with circuit board and bat-
tery, screen. The simulation results shows that chip temperature is approximately 25-
30°C when battery is 70°C.

Based on the simulation results, the stress is not uniformly distributed along the y
axis on chip, which corresponds to the mathematical result. the stress value on chip is
approximately 2.3 x 107Pa [Figure 10(b)]. The displacement is also not uniformly
distributed along the y axis, where the displacement value is approximately 3.96 x
10~°m [Figure 10(c)]. Through enlarging the schematic view of the chip, one could
observe that the deformed shape of the chip is kindred to a trapezoid.

Discussion

In real situation, there are a significant amount of nanoscale or microscale cir-
cuits, including memory cells and sensing circuitry that carved on the chip. These
connections proffer the hardware to support the smartphone functions. What’s more,
these circuits are extremely sensitive for changes of its physical circumstances.

Based on stress results, one could observe that stresses increase successively
along the x and y axis following a linear relation. To prevent disfunction caused by
the relatively high temperature, several optimizations could be carried out for chip
such as adding a thermal segregation layer in chip, using materials that resist suppres-
sion on X axis howbeit resist extension on y axis, etc.
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Based on displacement results, one could observe that displacements also in-
crease successively along the x and y axis, in which the displacement in x direction
satisfy a linear relation and displacement in y direction satisfy a quadratic relation.
Similar to stress estimation, one could also carry out several actions to optimize the
chip such as make small changes on the original shape of chip to prevent possible dis-
placement caused by temperature change, using anisotropic materials as mentioned in
the last paragraph, etc.

Eventually, specific optimization method should be advised from people who ex-
pert in electronic engineering based on these results. From the mechanic’s perspec-
tive, | could only offer reasonable conjecture based on the results. These results could

provide reference in smartphones’ chips design and manufacturing.
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SECTION II

Formulation and application of rate-independent stress up-
date algorithm of hydrostatic pressure: elastoplastic yielding

In composite

Abstract

The stress update algorithm is widely adopted in the analysis of the plastic
mechanism of materials. The Drucker-Prager criterion is a yield function dependent
on both hydrostatic pressure and deviatoric stress. Applied with the Drucker-Prager
criterion, here, we develop a stress update algorithm depicting such a process by
adopting the post-yield behavior given by An. The fiber-reinforced composite is
widely applied in manufacturing nowadays. The plastic effect of the matrix to the
composite under tensile loading is investigated in the article, for which the Drucker-
Prager criterion is adopted to delineate the mechanical behavior of the matrix. A ma-
trix deflection mechanical effect is also taken into consideration by studying the
stress-strain distribution variances. The results show that the stress is centrally con-
centrated while growing evenly distributed and concentrated on the fiber’s 1-direc-
tional edge with the ongoing load. The strain also exhibits similar distribution at the
beginning albeit concentrated at the fiber’s tangential surface with the loading. With
the deflection of the matrix, the 2-directional stress exhibits higher values in the local
deflection region, indicating a higher possibility of the local failure in the composite.
Also, the local deflection does not influence the plastic strain distribution.

Keywords: plasticity; stress update algorithm; Drucker-Prager criterion; composite
materials; fiber-reinforced composite
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Introduction

Plasticity is a general nature of materials. To depict such nature, one applies a
model described by a constitutive equation which can be delineated by the stress algo-
rithm [1]. The stress update algorithm could be applied to different materials, with re-
gards to the evolution of the internal variables and the determination of the yield func-
tion ([2], [3], [4]). The rate-independent isotropic hardening plasticity is described by
details such that a parametric form function k is applied to depict the update algo-
rithm, which can be distinguished as swift, voce and swift-voce [5]. Based on such, an
example of a uniaxial tensile loading acting on a cubic is presented to illustrate the ap-
plication of stress-update algorithm [6] and a finite difference method in which a to
homogenous anisotropic hardening model used is given as illustrating the yielding
process [7]. An elastoplastic model calculated by stress update is applied to the me-
chanical calculation of clay [8].

The stress update algorithm could be used for the estimation of materials mechan-
ical properties. An et al. presented works using the plasticity theory to depict the me-
chanical properties of biomaterials ([9], [10], [11], [12], [13]). Among many Yield
functions, with consideration of the hydrostatic pressure, the Drucker-Prager criterion
could be representative. Plus, such yield function could also be applied for the expla-
nation of the mechanisms of dentin fracture properties ([12], [13]). The mathematical
basis for such a model is elucidated [14]. Furthermore, the depiction of the stress up-
date algorithm could be applied by MATLAB code ([15], [16]).

The composite is widely adopted for manufacturing due to its spectacular me-
chanical properties. Also, the composite materials exhibit special elastic-plastic re-
sponse with microscopic structures [17]. To delineate such, the strength of the steel-
concrete composite is calculated showing plastic stress distribution method can yield
significantly unconservative strength predictions, especially for encased composite
members with high steel yield strengths and high steel ratios [18]. The mechanism of
the particulate composite is elucidated through numerical finite element method, in
which different modelling is adopted [19]. Similarly, the hierarchical structured com-
posite’s mechanical behavior is tested through different loading simulations, indicat-
ing temperature has the significant effects on the performances of 3D braided compo-
sites [20]. The rate-dependent plastic yielding of fiber-reinforced composite has also
been studied by many scholars with regards to the mesoscale modelling [21], which is
concentrated and studied in this paper.
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Method
Analytical Solution
The strain is split into an elastic and a plastic part
e=¢g°+¢ 1)
i.e. the elastic strain is
e =¢g—¢P @)
Therefore, the constitutive equation for stress
o=C:(g—¢€P) @A)

Where C is the fourth-order isotropic stiffness tensor taking the form

2
C=2611+ (K ——G) 191
3 (4)

The yield function is given by Drucker-Prager criterion:

3 1
f(o,c) = /Esijsij + Eakktanﬁ —-c (5)

In which ¢ denotes the cohesion force under uniaxial compression:
¢ = (1+tanp)o, ©)

Where g, is the uniaxial tensile yield stress. Based on the previous study of the con-
stitutive model of cordial bone conducted by An [10], a power law strain hardening is
employed to characterize the post-yield behavior

eP\"
gy = 0y (1 + e_°>
In the study, to simplify the reasoning, the strain hardening exponent: n (7)

Where J; and J, yield surface at

3
flo,c) = \/;IISII + tanBllpll —c =0 (8)
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Consider the case where the yield function defines plastic potential, the flow rule
of rate-independent plasticity is given by:

T Y
&P = Ahl} =1—=1n
do (9)

Where P is plastic strain, A is an indeterminate is an indeterminate positive quantity

when f = 0 and (Z—i) o = 0, and is zero otherwise.

In either case, A and f can easily be seen to obey the Kuhn—Tucker conditions of
optimization theory. Thus, the loading/unloading condition is:

Af =0, 120, f<0

In which the flow vector 7 is given by (10)
3 1
_of 0.7 SijSij dzomtanf  gc
"= doy, 0oy " 00y - 00y
. 0y3J, 0], N tanf do,, (11)
n= 6]2 60’kl 3 aUkl
12
W3 1 tanf 12)
n= 7]2 2Sp T Skt R
(13)
V6 s tanp
n=—-—+
4 |Isl| 3 (14)
Where the flow vector could be divided into
s @i, ap = Lanb (15)
4 |Isll 3
Thence, the form of consistency can be written as
: - 3., . :
flo,c)=n: \/;s+ptanﬁ —C (16)

In which
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&P
$ = 2ue, p = K&y, ¢ = (1+tanf)a, (1 + £—0>

Thenceforth, the consistency condition takes the form

. of . &P
f=5;ur—m+ammq«1+§) (18)
Which can be reduced into:
. of . n
f=%:a—(1+tanﬁ)ao 1+§ (29)
Given that
n:6=n:s+n:p (20)

The equation can be decomposed into

. of of n
=—:38 —:pl— e 21
f s s+ p pl — (1 + tanB)o, (1 + 50) (21)
In which
of . _of . of . o . SO
%-a—as.s+ap.p1—2y(n-e AD+EM:é —1) 22)
Hence, substituting Equation 21 into Equation 20 one deduce
. n:Que+ Kéy) —ay(1 + tanB)
A= (23)

oo(1 + tanf) (1 + Sﬂo) +2u+E

Numerical solution
The first step in the numerical integration is to write the stress tensor in the pre-
dictor-corrector format,
Oni1 =00 — C8: Ag, o', =0, +C% A  (24)

Using the backward implicit scheme for integrating the incremental plastic flow,
one could discern:
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tnt1 |
Ag? = f Andt ~ A,
t

n

V6 sp1 | tanp

o~

ny1=— 1
T A lspall 3T
a—=c
42 = = (26)
oo(1 + tanpP) (1 + g—()“) +2u+E
Where A1 is the discrete plastic multiplier.
The cohesion is updated as
cP
Cny1 = Cp + (1 + tanf)oy, (1 + —0)
¢ (28)

For rate-independent plastic materials, the discrete consistency equation can be
written as:

3
fne1 = \/;”Sn+1” + pppatanf —c =0

(29)
We take the trace of both sides of the discrete constitutive equation
tr(Ops1) = tr(0741) = Pret = PR
(30)

Where p = tr;—' is the mean normal stress.

For isotropic linearly elastic material, the elastic constitutive equations are

s = 2ue, p =Key

. : : (31)
Where K and y are the elastic bulk and shear moduli, respectively.
Now, split the strain into two parts and consider each:
V6 Sp4q tanp
e=— , g =—rI1 (32)
4 lisn4all o3

Therefore, the form of the deviatoric and mean stress is given by

V6 s tanf
R n+1 _oaatr
Sn+1 = Sn+1 2!“”( 4 ”Sn+1”), Pn+1 = Pn+1 KAA( 3 1n+1> (33)

Therefore,
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In which

~ s ~
Ny =Ny + npn+1

As = Esflr+1 AP = tanfly,q
n+1 2 a ) n+1 3a (35)

Step 1. Compute 6¥,, = 0, + c°: A¢g,

3
Step 2. Check a = ‘ \Es,ﬂrﬂ + tanPBpii |l > ¢?
No, set ,,.,; = 6i,; and exit.
n+1 n+1
3 stm tanf1
Step 3. Yes, set 15,,; = \E ot nP, .= —, o M = P+ 15,

_1 tr tr  _ tr
Pn+1 = Etr(an+1)' Sn+1 = Ont1 — pn+11

a—cy

oo(1+ tanﬁ)(l +%) +2u+E

A1 =

Oni1 = Opy1 — 2UAAR, g — EAAT,

14
Cni1 = Cp + (1 + tanf)o, (1 + ‘Z—O) and exit

Box.

1 Radial return algorithm for stress update with Drucker-Prager criterion.

Problem Formulation

As mentioned in the preceding chapter the composite is now more applicated in
manufacturing and engineering design more than ever ([18], [19], [20], [21]). For
what is more, the plastic deformation and its compact is of great importance in the
study of composite [21]. Hence, an application of the Drucker-Prager criterion is car-

to study the plastic deformation’s impact of the matrix in fiber reinforced

ried out
composite.
AA A A A AN
deflection ~matrix
L
~ fiber "
X
lum z
YY Y VY VY VYY
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Fig. 1 Schematic illustration of the fiber reinforced composite, in which the zoomed
view in the left is a “unit cell model” representative for the structure.

To study such effect, we carried out simulations applied with the Drucker-Prager
criterion on the fiber-reinforced composite. The fiber-reinforced composite consists of
fiber and matrix (usually consists of resin), which can be modelled as a unit cell
model as shown in Figure 1. The study mainly focuses on the tensile plastic effect on
the fiber-reinforced composite. For what is more, during the designing and manufac-
turing process, hardly prevented that deflection occurs on the composite, which usu-
ally exhibits as small fracture or cracks on the matrix as shown in Figure 1. Such ef-
fect is also taken into consideration in the modelling that compared and discussed in
the following chapter. Simultaneously, the deflection is not propagated as the ongoing
loading. Here, we only consider its impact on stress-strain distribution.

Material | Elastic Modulus Poisson’s Ratio

Fiber 1GPa 0.3

Matrix 1MPa 0.3

Tab. 1 The elastic mechanical parameters for both the fiber and matrix.

The elastic mechanical parameters carried out for simulation is shown as in Table
1, in which the fiber is taken as a perfectly elastic material with high stiffness. The
matrix is considered as a plastic material applied with the Drucker-Prager yield func-
tion, where the coefficients for the yield criterion is shown as in Table 2.

Yield Stress  Angle of Friction  Angle of Dilation  Flow Stress Ratio

100MPa 36 36 0.9

Tab. 2 Parameters for matrix applied for the Drucker-Prager criterion in the simula-
tion.

Results and Discussion

Undergoing the 2-directional tensile loading, the stress a,, distribution is shown
as in Figure 2, in which the developing of stress distribution with loading time is pre-
sented from (a) to (f). From Figure 2 one could discern that the stress is highly con-
centrated in the central axis from the beginning phase. As the loading keeps, the stress
is distributed evenly on both the matrix and fiber, comparatively. Howbeit the stress is
highly concentrated on the 1-directional edge of the fiber and relatively low of the
edge contacted matrix, which is not exhibited as the beginning stage. Also, the defor-
mation changes from a smooth to an edged outline with the ongoing load.
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The 2-directional strain distribution is also presented as in Figure 3. From the
strain development, one could discern the strain concentrated on the shear surface
along the fiber edge developing with time from (d) to (f).
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Fig. 2 The 2-directional stress distribution on the composite developing in time from
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Fig. 3 The 2-directional strain distribution on the composites developing in time
from (a) to (f).
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Plus, at the beginning stage, the strain also exhibits similar distribution as the
stress, where ¢,, is highly concentrated along the central axis. With the ongoing load,
the plastic strain concentering tangential with the fiber circular edge as shown in Fig-
ure 3(f).

Here, as mentioned in the last chapter, we elicit a deflection on the matrix of
composite to investigate its effect. The 2-directional stress distribution development is
shown as in Figure 4 from (b) to (f), which exhibits similar trends as in Figure 2. The
zoomed view of the deflection development is shown in Figure 4(a).

(©)

Fig. 4 The 2-directional stress distribution on the composites with deflection devel-

oping in time from (b) to (c), in which (a) shows a zoomed view for the propaga-
tion of the deflection.

From Figure 4(a), we can observe a local stress concentration at the end of the de-
flection. Such indicates that the high concentration of stress might elicit the local fail-
ure of the matrix. For what is more, the evident local stress increasement can be ob-
served compare Figure 4(c) with Figure 2(f). Generally, the stress a,, did not signifi-
cantly changed compared with the no deflection model presented in Figure 2. Not-
withstanding, the local deflection increases the local, and thence, the total 2-direc-
tional stress.
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Also, the total strain &,, distribution with the matrix deflection is presented as
in Figure 5, developing from (a) to (c). From such distribution one can observe that
the local matrix deflection only slightly change the local strain at the beginning stage,
albeit basically makes no variance on the strain in the following stages.
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Fig. 5 The 2-directional strain distribution on the composites with deflection devel-
oping in time from (a) to (c).

The plastic strain distribution is shown in Figure 6 with the ongoing loading from
(@) to (c), in which the deflection is taken into consideration.
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(a) (b) (©
Fig. 6 The 2-directional plastic strain distribution on the composites with deflection
developing in time from (a) to (c).

From Figure 6, one can discern that the matrix deflection makes no impact on the
2-directional plastic strain. Furthermore, the strain concentration along the central
axis shown both in Figure 3(a) and Figure 5(a) is not plastic strain compared with Fig-
ure 6(a). the plastic strain grows from the loading edge to the tangential surface of fi-
ber shown from Figure 6(a) to Figure 6(c).

Here, we also present a 2-directional stress-strain diagram of the matrix docu-
menting the maximum value as shown in Figure 7.
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Fig. 7 The stress-strain curve of the composite with and without deflection, in which
the unit is set to be [MPa].

From Figure 7, one can discern that the stress-strain curve coincides with each
other at the beginning stage, including the elastic region and initial yielding state as
shown in the left zoomed view. Notwithstanding, the yield region contends that the
model with a matrix deflection exhibits higher values of stress as shown in the right
zoomed view, which can be illustrated and explained by Figure 4. Also, such impact
indicates a higher possibility of the local fracture as discussed in the preceding para-
graphs. For what is more, the right zoomed view also indicates how the stress fluctu-
ated as the initial stress variation stage.

For both the simulation illustrations and the diagrams indicate the variation effect
of the matrix deflection will increase the 2-directional stress, especially the area sur-
rounding the deflection. Also, the plastic strain growth distribution indicates a possi-
ble failure mechanism of the fiber-reinforced composite, to fracture along the fiber’s
shearing surface.
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Conclusion

The rate-independent stress update algorithm with the Drucker-Prager criterion is
reasoned both from an analytical solution (Equation 1-Equation 23) and a numerical
solution (Equation 24-Equation 35) and illustrated as in Box 1. The fiber-reinforced
composite is estimated as a unit cell model through decent simulations carried out
with a tensile loading as illustrated in Figure 1. The unit cell is discussed in which a
comparison of the addition of the deflection. The material coefficients carried out for
simulation are given in Table 1 and Table 2.

The simulation results show that with the no deflection model, the stress is cen-
trally concentrated along the middle axis at the beginning stage (Figure 2(a)), and
growing more evenly distributed on the composite yet robustly concentrated on the 2-
directional fiber edge (Figure 2(f)). A relatively low-stress value also occurs on the
contact surface of the matrix (Figure 2(f)).

Also, the strain distribution shows that the strain displays similar trends with
stress at the beginning stage, in which its value is highly concentrated along the cen-
tral axis (Figure 3(a)), howbeit growing to highly concentrated along the shear surface
of the fiber (Figure 3(f)).

When considering the existence of the local deflection on the matrix, the stress
distribution generally follows the same as in without deflection (Figure 4(b), Figure
4(c)). Howbeit a local stress concentration occurs due to the deflection (Figure 4(a)).
Specifically, the deflection elicits the stress concentration and the tail of the deflec-
tion. Also, the deflection model displays a similar strain distribution with the non-de-
flection model (Figure 3, Figure 5), only a small strain decrease at the deflection edge
(Figure 5(a)). When discussing the plastic strain of the matrix, the deflection makes
no difference in its distribution (Figure 6).

Of the stress-strain curve of the matrix (Figure 7), the deflection model displays
higher stress value, which is explained and elucidated in the stress distribution (Figure
4). The curves coincide in the elastic region and the initial yielding stage (left zoomed
view in Figure 7). Howbeit the stress fluctuates in a complex form at the beginning of
yielding (right zoomed view in Figure 7).
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SECTION Il
Structural Designation of Composite Materials with Supe-
rior Mechanical Behaviors: Lesson from the Microstructure

of Nacre and Enamel

Abstract

Biomaterials like nacre and tooth enamel display spectacular mechanical prop-
erties such as high stiffness, high strength, high toughness, and fracture durability.
Such properties are exhibited by their natural developed structures, both employ com-
mon characteristics: consisting of hard mineral inclusions and soft protein matrix.
Here, we build models, representative, for nacre, and enamel consisting of hard inclu-
sions and soft matrix, respectively. We give the soft matrix a plastic property based
on their natural mechanics. We thence calculate the 1 and 2-directional stiffness of the
two structures and present their von Mises’ stress, directional stress, and directional
strain distribution, respectively. For what is more, we estimate the fracture resistance
of the two structures based on the assumption that the failure occurs on the soft matrix
in which the shear stress reaches a critical value. We hence deduce that the nacre dis-
plays better 1-directional stiffness and enamel displays better 2-directional stiffness.
The shear stress-displacement diagrams in each direction are also presented indicating
the nacre is more likely to fail in 1-direction and enamel is more likely in 2-direction.
Based on the results we present an optimized model taking the characters from both
the nacre and enamel. Results show that the optimized model exhibits higher stiffness
in both the two directions and evidently better crack resistance in 2-direction.

Keywords: stiffness; fracture; biomaterials; biomechanics; bioinspired structure
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Introduction

There are many species in nature. These creatures have evolved to obtain materi-
als with superior mechanical properties with regard to their natural environment,
which are called biomaterials. Biomaterials is among the key issue in structural design
due to its spectacular performance. Human dentin is one of them. Dentin displays
high crack resistance and hardening yielding behavior ([1], [3], [4]). Also, cortical
bone displays similar crack resistance property ([2], [6], [7], [8]). The constitutive
models for dentin and cortical bone are similar to many aspects, with hardening plas-
tic property that exhibits superior fracture resistance ([1], [6]). Also, biomaterials
composites all display similar hierarchical structure, which could be depicted by “ar-
chitectured”, in which hard inclusions bonded with soft matrix ([5], [7]). Mirkhalafa.
et al [5] employ the CAD approach to estimate the hierarchical structure of enamel
and nacre, which is the key essence studied in this paper.

As mentioned, the microstructure of nacre displays high durability, stiffness, and
crack resistance, which could be illustrated as the “Brick-and-Mortar” structure. Such
a structure is well studied by scholars. An experimental approach employing the
three-point bending method the tests the BM structure’s fracture resistance and pre-
sent the crack propagation law illustrated by testing [9]. Experimental approaches il-
lustrated the fracture mechanism of nacre and properties is explained by mesoscopic
models [10]. For what is more, the tensile stiffness and strength, and fracture re-
sistance are studied and tested by carrying out experiment directly studying the na-
cre’s mechanical properties [11]. A numerical approach to study its bending proper-
ties by studying the layer numbers effect on the nacre’s total bending load fracture re-
sistance presents a complex relationship between the layer numbers and its mechani-
cal properties [12]. Plus, spatial orientation and arrangement of such a structure are
studied by the experimental approach [13].

Enamel is the hardest and most highly mineralized tissue of mammalian teeth,
which displays high fracture resistance and complex hierarchical architecture struc-
ture [14]. Furthermore, the enamel section displays different architecture in certain ar-
eas, and the crack propagated along with the protein within rods [15]. Such a charac-
ter is estimated and studied through an experimental approach revealing how the de-
cussation structure resists crack growth with regards to directions and regions ([15],
[16]). Not only humans, mammals such as wild wolf’s teeth also exhibit high tough-
ness and durability with a hierarchical structure, consisting of hard rods and soft pro-

tein matrix [17]. The microscopic structure of the mentioned “rod” is hence estimated
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through decent experiments and inspire a new structural design [18], whose thought
trace is similarly employed in this paper.

Method
Problem Formulation

As mentioned in the preceding chapter, for both the nacre and the enamel’s mi-
crostructure displays high stiffness and durability, which is highly focused in this pa-
per. Their structural arrangement is the key issue studied. Hence, the modeling part is
significantly important to ensure the main character is described properly with consid-
eration of a universal application for the whole structure.

(a) (b) (C) protein minerals

Fig. 1 The structural illustration of nacre. (a) photo of the nacre. (b) SEM photo of
the nacre’s microscopic structure. (c) schematic illustration of the nacre micro-
scopic structure’s modelling.
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Fig. 2 The structural illustration of tooth enamel. (a) photo of the human tooth. (b)
SEM photo of the enamel’s microscopic structure. (c) schematic illustration of
the enamel microscopic structure’s modelling.

Initially, the modelling for the nacre structural design is shown in Figure 1(c),
which is also described by the “Brick-and-Mortar” structure. With consideration of
the chemical components, the hard inclusion usually consists of minerals, and the soft
matrix consists of organic protein.

The modelling for the nacre structural design is shown as in Figure 2(c), in which
the oval part is the enamel rod consisting of minerals surrounded by soft protein.

From both the scanning electron microscope (SEM) picture taken at a micro-
scopic level of nacre and enamel shown in Figure 1(b) and Figure 2(b), we build the
given model trying the illustrate the basic characters of the structure with a wide rep-
resentation for the whole material. For what is more, the mechanical parameters for
these materials are shown as in Table 1, in which the soft protein matrix employs a
plastic property, as illustrated by An. et al ([1], [2], [3], [4]) and Ghazlana. et al [12].
We employ a perfect plastic model for the soft matrix. Admittedly, hard mineral in-
clusion displays plastic properties too [1], yet based on the previous analyzation of bi-
omaterials’ fracture, crack does not usually propagate on hard minerals and mostly the
minerals have not reached the yield stress when the composite fails ([5], [9], [12],
[15], [16], [18]), hence the plastic property of hard inclusion is not considered in the
study.

Material Elastic Modulus Poisson’s Ratio Yield Stress
Mineral 20.7GPa 0.3
Protein 1MPa 0.3 9MPa

Tab. 1 Mechanical parameters of the mineral and protein carried out for simulation.
Stiffness Calculation

To estimate the stiffness on each direction of the presented biomaterials, the elas-
tic moduli for enamel and nacre are to be calculated with the set parameters. To delin-
eate such, the mean strain is calculated taking the form

Ux
z (1)

Uy
Y b
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In which u,, and u,, are displacements in 1 and 2 directions, respectively; a and b are
length and width of the presented models, respectively.

The mean stress takes the form:

b

_ N Reay)
Ox = Z b
7 2)

< R,xb)
5=,

x=0

In which R, and R,, are reactional forces in 1 and 2 directions, respectively.

The 1 and 2-directional elastic moduli of the composite can thence be calculated
through Equation 1 and 2:

o
®

I
I8

(3)
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Fracture Estimation

As mentioned and presented through both numerical and experimental methods,
the fracture and failure of the bioinspired structural materials occurs at the soft protein
matrix and propagated along with such material in the whole structure ([5], [9], [12],
[15], [16], [18]). For what is more, such local failure usually exhibits plastic proper-
ties that might resist the crack growth ([1], [2], [3], [4], [12]). Hence, here, we
adopted two basic hypotheses for the composites’ failure in simulation: 1). The failure
occurs on matrix when shear stress reaches a specific critical value. 2). The matrix
displays plastic properties in the fracture process. Usually, the displacement loaded
can be directly measured. Therefore, we present the relation between the matrix shear
stress with the composites’ loading displacement to estimate and study the fracture

properties.
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Results and Discussion
Stiffness Calculation

Based on the model, the mechanical distribution can hence be calculated for the
structures as given. The von Mises stress, 1-directional stress and 1-directional strain
distribution of the enamel undergoing 1-directional loading are shown as in Figure 3.

S, Mises

(Avg: 75%)

a) - 91306.60

- 83697.98

- 76089.34
- 68480.71
- 60872.08
53263.45
- 45654.81
38046.18
- 30437.55
22828.91
- 15220.28

7611.65
3.02
S, S11
(Avg: 75%)
b 139028.23
127439.02
115849.80
104260.59
- 92671.38
81082.17
69492.96
- 57903.75
46314.54
34725.32
23136.11
- 11546.89
-42.32

E,E11
(Avg: 75%)

Fig. 3 The enamel’s 1-directional mechanical distribution carried out for uniaxial
tensile loading. (a) von Mises stress distribution. (b) 1-directional stress distribu-
tion. (c) 1-directional strain distribution.

From Figure 3(a) and Figure 3(b) one can discern the hard inclusion takes higher
stress value due to its high stiffness, especially, the 1-directional stress is unevenly
distributed on the hard inclusions as shown in Figure 3(b). As shown in Figure 3(c)
one deduces that the contact surface undergoes higher strain values, which might also
indicate local failure or deformation.
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Similarly, the von Mises stress, 1-directional stress, and 1-directional strain distri-
bution of the enamel undergoing 2-directional loading are shown as in Figure 4.

S, Mises

(Avg: 75%)
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320018.25
289519.25
- 259020.25
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E, E22
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(©)

- 0.16

STRKER
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0.
0.

- 0.

- 0.
0.

Fig. 4 The enamel’s 2-directional mechanical distribution carried out for uniaxial
tensile loading. (a) von Mises stress distribution. (b) 2-directional stress distribu-
tion. (c) 1-directional strain distribution.

Comparing Figure 4(a) with Figure 4(b) one could discern that the 1-directional
stress also makes a robust effect on the Mises stress distribution due to the variance
occurs on the rods’ contact edge. From Figure 4(c) one could observe strain concen-
tration on inclusion-matrix contact edge.

For the nacre structure, the von Mises stress, 1-directional stress and 1-directional
strain distribution undergoing 1-directional loading are shown as in Figure 5.
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S, Mises
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Fig. 5 The nacre’s 1-directional mechanical distribution carried out for uniaxial ten-
sile loading. (a) von Mises stress distribution. (b) 1-directional stress distribution.
(c) 1-directional strain distribution.

From Figure 5 one could observe that the nacre’s 2-directional stress makes little
influence on the whole structure’s stress distribution comparing Figure 5(a) and Fig-
ure 5(b). A strain concentration occurs at the soft matrix between contacts of nacre in-
clusion as shown in Figure 5(c). Such a concentration indicates a possible dislocation
between inclusion layers.

The von Mises stress, 2-directional stress and 2-directional strain distribution of
the nacre structure undergoing 2-directional loading are shown as in Figure 6.
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S, Mises
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Fig. 6 The nacre’s 2-directional mechanical distribution carried out for uniaxial ten-
sile loading. (a) von Mises stress distribution. (b) 2-directional stress distribution.
(c) 2-directional strain distribution.

Comparing Figure 6(a) with Figure 6(b) one observe that the nacre’s 2-directional
stress does not play the key role in the total stress distribution. Figure 6(c) shows that
strain concentrates on hard inclusions undergoes 2-directional loading.

As illustrated in Figure 2-Figure 6, one could deduce a basic stiffness for each di-
rection of each composite materials based on the stress-strain distribution. Applied
with Equation 1-Equation 3 one could calculate the stiffness of each material as given
in Figure 7.
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(a) 1-directional Stiffness (b) 2-directional Stiffness
Fig. 7 The nacre and enamel structured composites’ 1 and 2-directional stiffness.

As shown in Figure 7 the nacre’s 1-directional stiffness is much higher than what
is for enamel, yet the enamel’s 2-directional stiffness is much higher than enamel.
Firstly, the longitudinal lengthy hard inclusion in nacre could provide support for its
longitudinal stiffness. Yet, for the higher value of the 2-directional stiffness of
enamel, the circular shape and the evenly distributed contact area of the hard inclu-
sion and the cross arranged rods could be a possible explanation.

Hence, we can adopt a basic thought trace that if a structural design contains
characteristics of enamel and nacre in both the two directions might exhibit higher
stiffness in both the two directions.

Fracture Estimation

As illustrated in the last chapter, the matrix (protein) fails when shear stress
reaches a critical value. Thence, the shear stress distribution of enamel protein is
given as shown in Figure 8(a) and the 1-directional displacement distribution when a
1-direction loading is applied is shown in Figure 8(b).

From Figure 8(a) one observes that there is a high concentration of shear stress
occurs along with the 1-directional enamel rod’s contact, which might indicate a pos-
sible protein fracture mechanism. For what is more, the high concentration of stress
value is parallel with the 1-direction, implying an indicator of the mechanism to pre-
vent the fracture take place along the axis perpendicular to the loading direction.
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Figure 9 presents the shear stress distribution of enamel protein and the 2-direc-
tional displacement distribution when a 2-direction loading is applied.

S, S12

( a) (Avg: 75%)
5149206.00

4291242.50
= 3433278.75
2575315.00
1717351.25
859387.50

1423.75

-856540.00
-1714503.75
-2572467.50
-3430431.25
-4288395.00
-5146359.00

Fig. 8 The enamel’s 1-directional mechanical distribution carried out for uniaxial
tensile loading. (a) shear stress distribution. (b) 1-directional displacement distri-
bution.
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5185228.00
4320452.00
3455676.25
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-4327303.50
-5192079.00

-1421.05
-4067.64
6714.23

-9360.81
-12007.40

Fig. 9 The enamel’s 2-directional mechanical distribution carried out for uniaxial
tensile loading. (a) shear stress distribution. (b) 2-directional displacement distri-

bution.
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From what is shown in Figure 9(a), a strain concentration occurs on the enamel
rods’ 2-directional contact edge. Howbeit, similar strain distribution pattern as dis-
cussed in Figure 8(a) that shear stress concentration does not occur along edges per-
pendicular to the loading edge indicates a mechanism that can effectively resist frac-
ture and crack propagation. From Figure 9(b) as the loading displacement gives there
are deformation occurs along the inclusion’s 1-directional edges. Such phenomena
contend a possible local malposition occurs that might lead to sliding of the enamel
rod and its surrounding organic protein.

Figure 10 presents the shear stress distribution of nacre protein and the 1-direc-
tional displacement distribution when a 1-direction loading is applied. Figure 11 pre-
sents the shear stress distribution of nacre protein and the 2-directional displacement
distribution when a 2-direction loading is applied.
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( a) (Avg: 75%)
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- -3463196.75
- -4328978.50
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—

U, U1
b 4715.61
! 428952

Fig. 10 The nacre’s 1-directional mechanical distribution carried out for uniaxial ten-
sile loading. (a) shear stress distribution. (b) 1-directional displacement distribu-
tion.
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Fig. 11 The nacre’s 2-directional mechanical distribution carried out for uniaxial ten-
sile loading. (a) shear stress distribution. (b) 2-directional displacement distribu-
tion.

Similarly, as it is presented in Figure 10, one observes that a shear stress concen-
tration occurs along the matrix longitudinal axis, but no concentration along the axis
perpendicular to the loading direction, also indicating a fracture prevention mecha-
nism. But the nacre’s 2-directional loading shows a shear stress concentration perpen-
dicular with the loading direction, contending a higher possibility for local failure.
But the bonding hard inclusions could provide a robust cohesion to increase the local
strength.

As it is mentioned in the preceding chapter, we adopt a perfectly plastic model
for the matrix as investigating its possibility of local failure. Due to the displacement
that can be directly measured by modern equipment, we present shear stress-displace-
ment curves as guidelines for judgment of the local failure.

Here, Figure 12 presents the shear stress-displacement of the 1-directional load-
ing of enamel and nacre, respectively.

From Figure 12 one discerns that the nacre matrix experience higher shear stress
value with the ongoing displacements, which indicate that under 1-directional load-
ing, the nacre structure is more likely to experience the local fracture. Hence, from the
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Hanfeng Zhai
fracture resistance perspective, the enamel structure is preferred under 1-directional

loading.
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Fig. 12 The nacre and enamel structured composites’ 1-directional shear stress-dis-
placement diagram.

Also, Figure 13 presents the shear stress-displacement of the 2-directional load-
ing of enamel and nacre, respectively.
Following a similar thought trace, as presented in Figure 13 a higher stress value

occurs on enamel under 2-directional loading, indicating a higher possibility for local
fracture on enamel under such loads. Thenceforth, a nacre structure is preferred pre-

venting local failure.
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Fig. 13 The nacre and enamel structured composites’ 2-directional shear stress-dis-
placement diagram.
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Optimization

Based on the previous discussions, we can adopt a basic guideline for designing a
new structure exhibits high stiffness in both 1 and 2-directions, and high fracture resi-

-stance (low shear stress values on soft matrix) in both 1 and 2-directions: adopting
the advantages of the structural displacement of both nacre and enamel in each direc-
tion. Hence, a new structural designation is presented as shown in Figure 14. The
modelling of the structure carried out for simulations is shown in Figure 15.

L 4 protein

nacre

v
}
RA
.

e
"

Fig. 14 Optimization process of the structural design based on the enamel and nacre
microstructure.

S e =
= T ——

Fig. 15Modelling of the optimized structure.

As the modeling presented, a verification for such an optimized structure’s me-
chanical properties needed to be tested with simulations. We adopt the same thought
trace as presented in the preceding part to calculate the 1 and 2-directional elastic
moduli and its matrix shear stress-displacement curve with comparison to the nacre
and enamel model, respectively.

The von Mises stress, 1-directional stress, and 1-directional strain distribution of
the optimized structure undergoing 1-directional loading are shown as in Figure 16.
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Fig. 16 The optimized structure’s 1-directional mechanical distribution carried out for
uniaxial tensile loading. (a) shear stress distribution. (b) 1-directional displace-
ment distribution.

As presented in Figure 16, the 1-directional stress is the dominating stress as
comparing Figure 16(a) with Figure 16(b). Generally, the 2-directional stress makes
little effect on the total stress distribution. Furthermore, a local 1-directional strain
concentration occurs while loading, howbeit the extended outline of the inclusions’
shape could prevent longitudinal failure,

The von Mises stress, 2-directional stress, and 2-directional strain distribution of
the optimized structure undergoing 2-directional tensile loading are shown as in Fig-
ure 17.
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Fig. 17 The optimized structure’s 2-directional mechanical distribution carried out for
uniaxial tensile loading. (a) shear stress distribution. (b) 1-directional displace-
ment distribution.

Similarly, one observes the 2-directional stress is not the main stress dominating
the stress distribution of the whole structure comparing Figure 17(a) with Figure
17(b). Moreover, strain concentration along 1-directional edges occurs, indicating a

possible form of the materials’ failure.

Following previous steps, we calculate the elastic moduli for the optimized model
in 1 and 2-directions and compare such results with the stiffness of the nacre and
enamel model. The results are shown in Table 2 and as illustrated in Figure 18.

Structure enamel nacre optimized structure

1-directional Stiffness | 10611974.6923077 79478880.8205128 85044895.0769231 [Pa]
2-directional Stiffness | 7946666.13612566 2603749.64921466 9657233.08900524
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Tab. 2 The 1 and 2-directional stiffness calculation results of enamel, nacre, opti-
mized structure, respectively.
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Fig. 18 The comparison of the structure’s stiffness. (a) the 1-directional stiffness of

of nacre, enamel, and optimized model, respectively.

nacre, enamel, and optimized model, respectively. (b) the 2-directional stiffness

From the calculation results, one discerns that the optimized model robustly in-

creases the stiffness in both 1 and 2-directions, respectively. Such increases, as men-

tioned, could be explained by the adoption of the characteristics of both nacre and

enamel in both directions.

Subsequently, the possibility of local failure is hence be estimated by analyzing

the shear stress distribution. As discussed previously, a perfectly plastic material

model is adopted for the description of the soft matrix in the optimized model.

Figure 19 presents the shear stress distribution of the optimized model’s matrix

and the 1-directional displacement distribution when a 1-direction loading is applied.

Figure 20 presents the shear stress distribution of optimized model’s matrix and the 2-

directional displacement distribution when a 2-direction loading is applied.

55



Undergraduate Research Forum

S, S12
(Avg: 75%)

5095269.00
4246053.00
a - 3396836.75
2547620.25
1698403.75

849187.31

-29.13

-849245.56
-1698462.00
-2547678.50
-3396895.00
-4246111.50
-5095328.00

Fig. 19 The optimized structure’s 1-directional mechanical distribution carried out for
uniaxial tensile loading. (a) shear stress distribution. (b) 1-directional displace-
ment distribution.
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Fig. 20 The optimized structure’s 2-directional mechanical distribution carried out for
uniaxial tensile loading. (a) shear stress distribution. (b) 2-directional displace-
ment distribution.

For both Figure 19(a) and Figure 20(a) indicate a high shear stress concentration
along the loading direction. Such high shear stress concentration might indicate the
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fracture pattern of the optimized model. Also, from what is shown in Figure 20(b),
with Figure 17(c) indicating a deformation pattern in 2-directional loading.

Based on the calculation results, a shear stress-displacement curve is given in

each direction as shown in Figure 21.

6 6
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Fig. 21 The shear stress-displacement relationship. (a) the 1-directional curve of na-
cre, enamel, and optimized model, respectively. (b) the 2-directional curve of na-
cre, enamel, and optimized model, respectively.

Based on Figure 21(a), one can observe that the optimized model’s shear stress is
generally the same value as the enamel structure. Notwithstanding, the shear stress is
greatly reduced pertaining to displacement under 2-directional loading for the opti-
mized model comparing with nacre and enamel as shown in Figure 21(b). Such re-
sults indicate that the structural design is generally successful with regard to prevent-

ing the local failure, especially in the 2-directional as the shear stress value is greatly
reduced from Figure 21(b). even the shear stress value is not greatly reduced, a gener-

ally similar value with the enamel also validates the design.

Conclusion
Biomaterials such as nacre and enamel display superior mechanical properties in-

cluding high stiffness, high toughness, and fracture resistance. Such properties are
employed through a specific hierarchical architecture composite, usually including a
hard inclusion and soft matrix. Nacre and enamel both display such structure (Figure
1, Figure 2). To study such structures, we carry out simulations employ a perfect plas-
ticity model for the soft matrix (Table 1), usually consist of protein. In the study, we
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test the 1 and 2-directional elastic moduli for nacre and enamel, respectively (Equa-
tion 1-Equation 3). We also estimate the composites’ fracture resistance through ana-
lyzing the soft matrix’s shear stress, in which we employ a criterion that the material

fails when the matrix shear stress reaches a critical value.

For the calculation of the elastic moduli of the two materials, a directional tensile
loading is carried out and the Mises stress, directional stress, and strain are illustrated
for enamel (Figure 3, Figure 4) and nacre (Figure 5, Figure 6). The calculation results
show that the nacre structure exhibits higher stiffness in 1-direction and enamel ex-
hibits higher stiffness in 2-direction (Figure 7). Also, based on the given criterion, un-
der the tensile loading in the two directions, the shear stress of the soft matrix and the
displacements of the whole composite’s material is presented for enamel (Figure 8,
Figure 9) and nacre (Figure 10, Figure 11). Based on such results, the shear stress-dis-
placement curve of the two composites in 1-direction (Figure 12) and 2-direction
(Figure 13) is given respectively. Such results show that local fracture is more likely
to occur on nacre in 1-direction and on enamel in 2-direction.

The obtained results indicate that both the enamel and nacre both displays some
superior properties in specified conditions, compared with the other. Thenceforth, a
basic thought trace is established: we need to employ both the characteristics of the
two composites in the two directions to create an optimized structure that displays su-
perior mechanical behavior. Hence, an optimized model is presented (Figure 14) and
modeled (Figure 15).

To investigate and verify the mechanical properties, we also carry out tensile
loading in the two directions and present the Mises stresses, 1 and 2-directional
stresses, 1 and 2-directional stresses for the optimized model (Figure 16, Figure 17).
Calculation results contend the optimized structure displays higher stiffness in both
the directions than enamel and nacre (Table 2, Figure 18), which validate the design
of the structure. For what is more, to test its fracture resistance, we also calculate the
optimized structure’s soft matrix 1 and 2-directional shear stress and displacement
distribution (Figure 19, Figure 20). Similarly, a shear stress-displacement diagram is
given indicating that the optimized structure displays the same level of fracture re-
sistance as enamel in the 1-direction (Figure 21(a)). Notwithstanding, such a structure
greatly reduces the shear stress value in 2-direction, indicating less chance to fail to
occur on the composites. The optimized design could provide decent insights and

guidelines for future manufacturing and composites’ structural design.
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SECTION IV
An investigation of the elastoplastic nature of ITD on the

toughness of the dentin microstructure

Abstract

Dentin is an essential part in human tooth that displays superior mechanical
behaviors such as high stiffness and toughness relative to its lightweight, which could
be attributed to its microscopic structure. Here, we adopt elastic and perfectly plastic
model for ITD, and ductile damage evolution model for material failure. We calculate
the stiffness of the dentin through consider it as composite materials. The tensile load-
ing simulation indicate that dentin structure with plastic ITD will generate strain con-
centration along the four corners on ITD bonging PTD. The plasticity will reduce the
forces acting on the structure. There are crack occurs on PTD initiated along the DT
edge to the axis perpendicular to the loading direction, which corresponds to the stress
concentration as on the unit cell model. There are wavy cracks on the ITD nearing the
bonding interface between ITD and PTD. Most generated cracks evolved from the DT
edge propagating on PTD till further on ITD. The ITD plasticity makes the stress-
strain more evenly distributed on the structure in crack propagation. The quantitative
results indicate the ITD plasticity can reduce the stress on PTD as to resist crack
growth but make little effect on the stress of ITD as the growing strain. The ITD plas-
ticity makes little variation on the shear stress distribution on the bonding interface,
indicating such nature does not contribute to the debonding effect as a major role.

Keywords: biomechanics; biomaterials; composite materials; dentin; microstructure
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Introduction

Biomaterials display superior mechanical behaviors adjusting to its loading con-
ditions with millions of years of evolution. Tooth, as one of the most common charac-
ters seen from most creatures, exhibits high fracture resistance, containing enamel and
dentin [1]. The enamel and dentin exhibit extremely different structures containing
different chemicals adjusting to their different functions. The dentin evolving to con-
vey nutrition as to supply the enamel and the whole tooth structure [2]. Also, it will
absorb energy from enamel from chewing as the cracks propagating in enamels. The
dentin microstructures consist of void rounded by hard materials embedded in soft
materials [2]. Most biomaterials display plasticity as to resist failure. The biomaterials
can be depicted by multiple models including the Drucker-Prager yield function ([3],
[4], [13], [14], [15], [16], [17]). The fracture and crack growth can also be depicted by
many models ([5], [6], [7]). In fine, many developed mechanical models can be
adopted for delineating the biomaterials behavior.

Cr Pl ¢ @ & |
SEN 10k WDIOmmSSI0 o xZQ00) - 10jim —t 43
¢ L7 hoilh 5 . AugZ 2018 -

Fig. 1 SEM photos of the dentin microstructure, taken by A. Nazari et al.

Specifically, dentin structure mechanical behavior is well studied through experi-
mental approaches ([9], [10]). The measured Young’s Modulus, Yield stress, etc.
from published resources is adopted in our study. The zoomed view of SEM photos
shows good details of the dentin microstructure ([11], [12]). From the SEM photos as
given in Fig. 1, we observe basic characteristics of the dentin microstructure: consist-
ing of small voids surrounded by larger circular edges, further embed in matrix mate-
rials. The fracture behavior is comprehensively studied by An with the adoption of the
Drucker-Prager criterion ([13], [15], [16], [17]). Notably, two types of fracture: cracks
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occur on PTD initiated on the DT edge, which is also detected through SEM photos
([11], [12]); and the cracks propagated along with the ITD and PTD bonding interface
caused by the elastic moduli mismatch [13]; are specifically detected through the
work by An through numerical approaches.

As studied, the dentin and other biomaterials can be seen as composites consist-
ing of materials with different properties. With the previous introductions, the plastic-
ity of the dentin can be elicited as to study the fracture behavior. The elastoplastic be-
havior of composite indicates their mechanical behaviors ([18], [19], [20]). In our ap-
proaches, we follow the basic modeling strategy as previous studies conducted by An
([13], [15], [16], [17]). The main focuses are on the investigation of the ITD elasto-
plastic nature as its functions in affecting the composite’s stiffness and toughness. To
simplify, we adopt perfectly plasticity for ITD and ductile damage model for evolu-
tion. The approaches may not perfectly satisfy the experimental results, howbeit still
offer decent insights for investigations of the ITD plasticity on dentin microstructure.

Method

2.1 Stiffness and strength

2.1.1 ElasticlTD

%
.
4

¥ i sy
- 1pm UNAMUR 5/26/2014
15.0kV LET SEM WD 7mm 2:42:55

Fig. 2 Schematic view for the basic modelling strategy of the dentin unit cell, nomi-
nating each part as shown. The SEM photo is taken by A. Namour et al.
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As discussed in 8L, preceding studies show that the dentin structure involves a
special hierarchical structure include a void nominated as Dentin Tubule (DT) sur-
rounded by a round of hard materials called Inter-Tubular Dentin (ITD), and embed-
ded in soft materials called Peri-Tubular Dentin (PTD). The microscopic scale dentin
is generally consisting of thousands of such similar structures, which we considered
as a “unit cell” for the structure. To investigate the mechanics of the dentin, we model

such a unit cell as shown in Fig. 2 for simulations and calculations.

Initially, the dentin microstructure can be seen as composite materials with
bonded materials of different modulus. To calculate the stiffness of such a composite
structure, we carry out loadings on the unit cell structure as shown in Fig. 3. Note that
the boundary conditions can be written as:

y=0:u,=0
x=4dm:u; =0 (D
y=n:u, =+1

With the boundary conditions, we load the unit cell with a 2-directional unit dis-
placement. With the loading, we can calculate the mean stress and mean strain in the
2-direction as:

uy 2
o T —
E], = ( )

7=y ©

Henceforth, the elastic modulus of the composite materials as:

o.
E, = g—j ©
As introduced in 8, we know that the ITP and PTD have different Young's
modulus, indicate different stiffness. Here, we present parameters for the dentin’s ITP
and PTD as shown in Tab. 1 and Tab. 2 based on previous studies ([14], [15]). Note
that the modulus value is chosen within an experimental data range and the yield
stress is neglected in 2.1.1 as considering an elastic ITD.
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Fig. 3 Schematic illustration of the unit cell undergoing mechanical loadings for cal-
culation of the composite’s Young’s modulus. Note that the geometric parame-

ters: § = 2,1 = 4,m = 5,n = 2m, in um. Note that x axis is also recognized “1-
direction”, y axis is also recognized “2-direction”.

Youngs modulus ‘ Poisson’s ratio

200GPa ‘ 0.3

Tab. 1 The mechanical parameter for PTD.

As given in Tab. 1, the PTD is considered as a pure elastic material.

Youngs modulus ‘ Poisson’s ratio ‘ Yield stress

20GPa ‘ 0.3 ‘ 70MPa

Tab. 2 The mechanical parameter for ITD, where the yield stress denote the plastic
attribute of ITD, which is considered separately.

2.1.2 Plastic ITD

From & we know that the plastic nature of the dentin ITD is adopted or ignored
with regards to the specific topics studied by previous scholars. In this part, to deline-
ate such an effect on the composite’s stiffness, we adopt the plastic nature of the ITD
compared to 2.1.1. Note that a perfectly plastic model is adopted to simplify the esti-
mation and neglect the complex hardening or softening effect.
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Here, for the strain of the plastic model can be depicted as:
e=¢g°+ ¢ (5)
Therefore, the stress can be written as
o=C:(g—¢gP) (6)

As mentioned, a perfect plasticity model is adopted. When the stress is in within
the yield strength, such condition is represented as the plastic strain does not change:

deP = 0 (7)

When the stress reaches the yield strength in tension, in uniaxial problem, the
plastic strain can only increase and the 2-directional stress equals the yield:
022

deP > 0, —=1 8
e = ®

Where gy denotes the yield stress, and o5, is the 2-directional stress.

We adopt such a model just to study how the plasticity might influence the den-
tin’s stiffness in this section. Here, we apply the yield stress as given in Tab. 2 for the
ITD and carrying out simulations for the same model as shown in Fig. 3. To specify,
the PTD is considered as a purely elastic material due to its higher stiffness, the yield
stress effect is not required in the study of composite’s stiffness. Note that both the
simulations in 2.1 are carried out in Abaqus/CAE 2017. For the meshing, we adopt
the Plane strain assumption, with mesh-type CPEA4.

2.2 Toughness and fracture
2.2.1 ElasticITD

Numerous studies ([2], [13], [15], [16], [17]) indicate that dentin structure dis-
plays high fracture resistance and such specific mechanical property is widely studied
both experimentally and numerically. Here, a simplified failure model for crack prop-
agation is adopted as an energy-based, linear softening, hybrid mode damage evolu-
tion model, where the criterion for damage initiation is when the maximum principal
stress reaches a specific value.
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For the damage evolution, we adopt a ductile damage model, in which the equiv-
alent plastic strain is a function of strain rate and stress triaxiality:

& =Py, &) 9

Where the stress triaxiality is a division of hydrostatic stress to von Mises stress:

J1
== 10
n= (10)

And the damage evolves when:

der 1 (11)

wWnpn = ———mm =
U e, &)

In which wp, is an increment variable increasing with plastic strain:

AEP

T P ———
&, (n, &)

For the damage initiation model, the maximum principal stresses for PTD and
ITD are shown in Tab. 3 and Tab. 4, respectively.

Youngs modulus ‘ Poisson’s ratio ‘ Maximum principal stress
200GPa ‘ 0.3 ‘ 86MPa

Tab. 3 The parameters of PTD for fracture simulation.

Youngs modulus ‘ Poisson’s ratio ‘ Maximum principal stress

20GPa ‘ 0.3 ‘ 10MPa

Tab. 4 The parameters of ITD for fracture simulation.

For our model, the equation for the energy of crack propagation:

KE = fa(G —R)da (13)
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In which G is the energy dissipative rate, R is the fracture energy denoted as R = G,.
In our model, we adopt that G,. = G,. = G3. as given in Tab. 5 and Tab. 6.

The crack propagation rate is given as:

a=\/%- g-(1—%) (14)

As mentioned, in our model, we adopt a linear damage model, hence we have
a = 1 as shown in Tab. 5 and Tab. 6.

Normal mode Shear mode

Fracture energy | Fracture energy (1-direction) | Fracture energy (2-direction) | Power

43000 43000 43000 1(Linear)

Tab. 5 The parameters of PTD for fracture simulation.

Normal mode Shear mode

Fracture energy | Fracture energy (1-direction) | Fracture energy (2-direction) | Power

5000 5000 5000 1(Linear)

Tab. 6 The parameters of ITD for fracture simulation.

Fig. 4 Schematic view of the mechanical model carried out for fracture simulation.
(a) Schematic for the crack initiation on dentin. (b) Mechanical model for the
fracture simulation, in which the 1-directional loadingisu_; = -1, u,; = 1.
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Note that the initial crack length [ = 5, in um. Note that x axis is also recognized

“1-direction”, y axis is also recognized “2-direction”.

For 2.2.1, we adopt the same strategy as in 2.1.1, that the plastic nature of ITD is
neglected. Hence, a fracture occurs on ITD and is considered as elastic failure. The
mechanical model carried out for fracture of the dentin microstructure is shown in
Fig. 4. Note that the model consists of 54 “unit cells” as shown in Fig. 3.

The boundary conditions for our mechanical model can be mathematically writ-
ten as:

Uy

s
I

X

(15)

<

=

I
S+ o

—_

0:
a.
y=">b: K

In which F, denotes the surface force acting on the edge.

2.2.2 PlasticITD

In this part, we adopt similar strategies as given in 2.1.1 to 2.1.2. We neglect the
ITD’s plastic nature in 2.2.1. Here, we set the ITD as perfectly plastic material as
given in Tab. 2. With the set plastic ITD and elastic PTD, we carry out the same sim-
ulation with the same mechanical loadings as given in Fig. 4 and Eqg. 15, with the
same initial crack, with length [ = 5.

Note that both the simulations in 2.2 are carried out in Abaqus/CAE 2017. For the
meshing, we adopt the Plane strain assumption, with mesh-type CPEA4.

Results and discussion
3.1 Stiffness and strength
3.1.1 Elastic ITD

With the mechanical loadings as given in Fig. 3 and Eq. 1, we obtain results as
shown below. From Fig. 5 and Fig. 6 we got the strain and stress distribution on the
dentin unit cell from the first and last step as given from (a) to (b).
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From the strain distribution as given in Fig. 5 one can observe that applied with
an elastic ITD, the 2-directional strain is concentrated along the central axis in 2-di-
rection, while displays a generally low value along the on the ITD. Albeit the strain is
concentrated along the 1-direction’s edge on the PTD along with the DT.

- —p

LE, LE22

(Avg: 75%)
0.002
0

LE, LE22
(Avg: 75%)

(b)

(2)

Fig. 5 The 2-directional strain distribution of the unit cell under uniaxial loading,
with elastic ITD. (a) First step. (b) Last step.

From the 2-directional stress distribution as given in Fig. 6, one discerns that the
stress is concentrated along the 1-direction along the DT edge on PTD. Such a phe-
nomenon indicates higher possibilities for the fracture to occur on PTD along the axis
perpendicular to loading directions under tensile loadings. The 1-directional stress
value on ITD is low compared with the total stress distribution. We also find that the
2-directional stress is more evenly distributed with the loadings from (a) to (b).

The elastic ITD exhibits similar stress-strain distribution from the beginning to
the end of the loading as shown from (a) to (b) in Fig. 5 and Fig. 6.

=)

S, S22

(Avg: 75%)
19984715776.000
18320717824.000
16656718848.000
14992718848.000

=] 13328718848.000
11664718848.000

S, S22

(Avg: 75%)
223796352.000
205123152.000
186449968.000
- 167776784.000

130430416.000

|

. 10000718848.0
111757232.000 8336718848.000
93084048.000 6672719360.000
74410856.000 L 5008719872.000
55737668.000 3344720128.000
37064480.000 1680720512.000

18391290.000
-281897.406

(2) (b)

Fig. 6 The 2-directional stress distribution of the unit cell under uniaxial loading,

with elastic ITD. (a) First step. (b) Last step.
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3.1.2 Plastic ITD

Here, as given from Eq. 5 to Eqg. 8 and in Tab. 2, we adopt a perfectly plasticity
model for ITD for the same uniaxial loading to check how plasticity influences the 2-
directional stress-strain distribution as compared with Fig. 5 and Fig. 6. As shown in
Fig. 7, we discern that the 2-directional strain has the same distribution in the first
step with the elastic ITD as compared with Fig. 5(a). However, as the loading keeps,
the plastic ITD displays a totally different strain distribution, shown in Fig. 5(b). We
observe that the strain is robustly concentrated along the PTD edge on the four cor-
ners. Also, the total strain value is increased with the plastic effect. For what is more,
the total strain is distributed concentrating on the four edges tangent to the PTD circu-
lar edge. Such a phenomenon indicates a protection mechanism for the ITD to con-
strain the failure.

- ———

LE, LE22

LE, LE22 (Avg: 75%)

(Avg: 75%)

Fig. 7 The 2-directional strain distribution of the unit cell under uniaxial loading,
with perfectly plastic ITD. (a) First step. (b) Last step.

As mentioned, comparing Fig. 7(b) with Fig. 5(b) one discern extremely different
strain distributions. To delineate such, we calculate the plastic strain of the unit cell as
shown in Fig. 8 From Fig. 8(b) and Fig. 7(b) we deduce that plastic strain plays a ma-
jor role in the total 2-directional strain based on the fact that the two figures exhibit
similar patterns. Moreover, from Fig. 8 we observe that the plastic strain initiated
along the lines that tangent to the PTD circular edge and evolving from closer to the
2-direction’s concentration to a more evenly distributed pattern. Such plastic strain
could help explain how the plastic nature could help restrain the fracture.
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PE, PE22

PE, PE22
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(Avg: 75%)

(b) A

Fig. 8 The 2-directional plastic strain distribution of the unit cell under uniaxial load-
ing, with perfectly plastic ITD. (a) First step. (b) Last step.

Similarly, we also present how the 2-directional stress evolves on the unit cell
with a plastic ITD. As comparing Fig. 9(a) with Fig. 6(a) we also discern the same
stress distribution at the beginning stage. However, as given in Fig. 9(b) and Fig. 6(b),
we observe that the total 2-directional stress value is greatly reduced due to the plastic
nature of ITD. The stress is also more evenly distributed among the unit cell. Notably,
the 2-directional stress is also highly concentrated along the 1-direction on the PTD,
but such stress value is highly reduced compared with Fig. 6(b). Though the PTD ma-
terial properties remain the same, the ITD properties’ change contends an alleviation
of the stress concentration on the PTD.

" - — )
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149103600.000
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- 7044612096.000
6436687360.000

4004988160.000
93084048.000 3397063424.000
74410856.000 2789138688.000
55737668.000 - 2181213952.000
37064480.000 - 1573289216.000

18391290.000 965364416.000

-281897.406 357439616.000

(2) (b)

Fig. 9 The 2-directional stress distribution of the unit cell under uniaxial loading,
with perfectly plastic ITD. (a) First step. (b) Last step.

Based on Eq. 2 to Eq. 4 we obtain results from Fig. 10, indicating how stiffness
evolve with the loading.
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Fig. 10 The relationship between the reaction force with the model of elastic ITD and
perfectly plastic ITD, in which R, represents reaction force for elastic ITD and
R,, represents reaction force for plastic ITD. Note that the unit is 10' N.

From Fig. 10, the slope % initially grows and the steepness decreases in the
e

when R, reaches the value around 3, the slope started to decrease, indicating the
ITD’s plastic nature started to make effect on the loading. When R, reaches the value
around 12, it started to increase again yet the value is still below 1 indicate that R, <
R., we can explain such a phenomenon as the ITD’s plastic effect does not exhibit as
evident as the beginning stage yet still make an effect on the composite’s total stiff-
ness.

3.2 Toughness and fracture
3.2.1 ElasticITD

Based on the damage evolution model (Tab. 3 — Tab. 6) and mechanical loadings
(Fig. 4), we obtain results as given indicating how fracture initiate and develops on
the dentin structure as shown below. Fig. 11 — Fig. 13 shows the fracture evolution of
the 1-directional stress distribution on the dentin structure.
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Fig. 11 The 1-directional stress distribution of preliminary stage of the crack propaga-
tion on dentin structure, with elastic ITD.

Fig. 11 shows that the 1-directional stress generally has the same distribution
around the DT referring to such distribution on unit cell (Fig. 6). Notwithstanding,
there is some detectable stress concentration on the PTD along the 2-direction near
the initial crack. Such a phenomenon could be explained by the initial crack propaga-
tion effect, in which the crack surrounding area absorbs more energy from fracture.

From Fig. 12 one observes how cracks initiated on the dentin microstructure.
From the zoomed view on the right top part, we detect the DT bonding the initial
crack has a stress concentration on the PTD in the lower part. Also, from the neigh-
boring DT one observes cracks propagated along the axis perpendicular to the loading
directions, which have been discussed in 3.1. Such a similar pattern is also detected
on the other zoomed views in Fig. 12 which is studied by other scholars ([2], [12],
[13]) For what is more, the 1-directional stress value is lower on PTD under same di-
rection’s loading, observed from the two down zoomed views. Such distribution is
also explained in 3.1 as tensile loading on the unit cell. Aside from the perpendicular
directional cracks, there are cracks on ITD close to the PTD with a wavy shape in the
right-top and down zoomed views. Such cracks could indicate a debonding between
the ITD and PTD, but not the exactly debonding effect explained as elastic modulus
mismatch ([15], [16]), could be attributed to the mechanical model.
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Fig. 12 The 1-directional stress distribution, when the fracture initiate on dentin, in
which the zoomed view shows the how cracks evolved around the DT, with elas-
tic ITD.

In Fig. 13, the crack is fully propagated on the dentin, in which we observe more
evenly distributed 1-directional stress and mildly higher stress value on the PTD
along the 2-direction. Also, some cracks perpendicular to the loading directions on the
PTD propagated on the ITD and connected with the mentioned wavy cracks that may
be related to the debonding. Such indicates how cracks on ITD is propagated from
cracks originated from DT on the PTD. Notably, the DT neighboring the initial crack
generates more crack in the lower part compared with the step of fracture initiation.
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Fig. 13 The 1-directional stress distribution of the final stage of the fracture on den-
tin’s microstructure, with elastic ITD.
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Fig. 14 The 1-directional strain distribution of preliminary stage of the crack propaga-
tion on dentin structure, with elastic ITD.

In Fig. 14, we observe a larger value of 1-directional strain on the ITD comparing
with PTD due to the smaller elastic modulus. There are also strain concentrations
along with the DT neighboring the initial crack. Notably, a severe 1-directional strain
concentration on the ITD bonding the DT neighboring the initial crack can be de-
tected. Also, we observe a larger strain value in 2-direction on PTD surrounding the
DT. Correspondingly, a smaller strain value in 2-direction on ITD. In detail, there are
1-directional strain concentration occurs around the DT neighboring the initial crack
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for a value of about 0.002. Such patterns are also discerned in the lower part occurs
on ITD bonding the PTD, such strain indicates the possibility of the debonding.

LE, LE11
(Avg: 75%)

Fig. 15 The 1-directional strain distribution, when the fracture initiate on dentin, in
which the zoomed view shows the how crack evolved around the DT, with elastic
ITD.

From the 1-directional strain distribution as the same step as in Fig. 12 shown in
Fig. 15, we observe evident strain concentration on the ITD bonding the DT neighbor-
ing the initial crack. Such a phenomenon, corresponding to Fig. 12, as the stress con-
centration occurs on the PTD of the same DT, could reflect the stiffness difference of
ITD and PTD. Notably, we observe cracks parallel to loading direction as shown in
the right-top and right-down zoomed views. The cracks can be attributed to the inner
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friction of the PTD under 1-directional loading. As shown in the left-top zoomed
view, there is a “V-shaped” crack occurs on the PTD neighboring the initial crack, the
“V-shape” could be explained as the synergy of the PTD inner friction and the propa-
gation and the fracture energy dissipation of the initial crack.
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Fig. 16 The 1-directional strain distribution of the final stage of the fracture on den-
tin’s microstructure, with elastic ITD.

In the last step of the crack propagation as shown in Fig. 16, the 1-directional
strain is more evenly distributed on the ITD with a higher value on the 2-direction.
Such specific high value on the 2-direction could be attributed to the special shape of
PTD and the elastic modulus difference: under 1-directional tensile loading, with a
circular shape when the surrounding soft matrix is under tension the PTD perpendicu-
lar axis (2-direction) is under compression, hence dissipate energy in the 2-direction
to its surrounding soft matrix, ITD. Hence the ITD is compressed within the two
PTDs, indicating 2-directional strain value concentration.

3.2.2 PlasticITD

With the adoption of the perfectly plastic model of ITD, we generate different re-
sults with the beyond. Detecting these differences might unveil the mechanism of the
ITD plastic nature.
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Fig. 17 The 1-directional stress distribution of preliminary stage of the crack propaga-
tion on dentin structure, with a perfectly plastic ITD, in first step.

In the preliminary stage, the stress distribution generally has no difference due to
the plastic has not made much effect from Fig. 17. From Fig. 18 and Fig. 13 we detect
similar crack propagation patterns, but fewer cracks in Fig. 18. Also, the structure dis-
plays a less 1-directional stress value shown in Fig. 18 with the plastic ITD. Such a
phenomenon indicating the plasticity reduces the stress, and resist the crack growth
comparing the 1-directional stress distribution.

Notably, a stress distribution difference occurs along the propagating of the initial
crack comparing Fig. 18 with Fig. 13. The 1-directional stress distributed along the
initial crack as a triangle area in Fig. 13, howbeit a stress decrease along the initial
crack as given in Fig. 18. Such distributions also indicate how the plastic ITD could
reduce the stress and resist the crack growth.

From Fig. 19 and Fig. 14 we observe conspicuous differences as the strain is
comparably more concentrated along the 1-direction with the adoption of the plastic-
ity. But the maximum strain value is lower for plastic ITD with 0.002 comparing with
0.003. Albeit the concentrated strain value along 1-direction is bigger than dentin with
elastic ITD. The concentration in 1-direction at the beginning stage could be at-
tributed to plasticity responding to tensile loading to resist fracture.

At the stage of the fracture initiation, a totally different 1-directional strain distri-
bution displayed as given from Fig. 15 and Fig. 20. The elastic ITD model displays a
higher maximum strain value. The general strain value variance between the ITD and
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PTD is similar for the two models. Howbeit the plastic ITD model displays higher 1-
directional strain value.
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Fig. 18 The 1-directional stress distribution of the final stage of the fracture on den-
tin’s microstructure, with a perfectly plastic ITD.
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Fig. 19 The 1-directional strain distribution of preliminary stage of the crack propaga-
tion on dentin structure, with a perfectly plastic ITD.
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Fig. 20 The 1-directional strain distribution of the final stage of the fracture on den-
tin’s microstructure, with a perfectly plastic ITD.

To specify the effect of the plastic nature from the ITD, we know present 1-direc-
tional plastic strain evolving from Fig. 21 to Fig. 22. The plastic strain does not ex-
hibit a notable effect at the crack initiation stage in Fig. 21, with only small plastic
strain, occurs on the ITD cracks bonding the PTD.
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Fig. 21 The 1-directional plastic strain distribution, when the fracture initiate on den-
tin, with a perfectly plastic ITD.
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Fig. 22 The 1-directional plastic strain distribution of the final stage of the fracture on
dentin’s microstructure, with a perfectly plastic ITD.

As for the final stage of the crack propagation, the 1-directional plastic strain still
does not display the conspicuous impact of the ITD. Yet the strains occur in several
areas within the cracks for the value of approximately 0.001. As comparing and dis-
cussed previously, such plastic concentrate to resist crack and fracture. With specifi-
cally show the 1-directional plastic strain distribution, one deduces the plastic strain
does not make much variance on the total strain value, however, the plastic nature
helps reduces stress increases and concentration, henceforth, releases fracture energy
to resist crack growth.

To quantitatively show how plasticity alters the stress-strain distribution, here, we
present 1-directional stress-strain diagrams for both the PTD and ITD considering
elastic and plastic ITDs as given from Fig. 23 to Fig. 24. During the fracture process,
for the elastic PTD, with an elastic ITD, the PTD displays higher 1-directional values
shown in Fig. 23, indicating the plastic ITD could reduce the 1-directional stress on
the bonding PTD. Such results indicate the plastic nature of ITD can release stress and
reduces chances for fracture on the PTD. In the zoomed view shown in Fig. 23, the 1-
directional stress initially growing with the same trends growing with the slops with
an approximately higher stress value, then exhibits a higher slope with a higher stress.
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Fig. 23 The 1-direction stress-strain relationship of the PTD with the crack propaga-
tion, comparing elastic and perfectly plastic ITD, respectively.
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Fig. 24 The 1-direction stress-strain relationship of the ITD with the crack propaga-
tion, comparing elastic and perfectly plastic ITD, respectively.

Here in Fig. 24, the plastic nature does not variate the 1-directional stress as
shown clear for PTD in Fig. 23. Only little variance can be detected after the initiation
of the fracture as small 1-directional stress difference shown in the zoomed view in
Fig. 24.

Comparing Fig. 23 and Fig. 24 we deduce that the plasticity of ITD will robustly
affect the 1-directional stress distribution of its bonding PTDs, howbeit will not alter
such distribution for ITD. Hence, we can reason out the protection mechanism of the
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ITD plasticity: to reduce the tensile stress on the PTD to avoid PTD crack as men-
tioned in the preceding chapter, thence the crack is less likely to propagate along the
PTD to ITD to cause further fracture and failure.

As mentioned in the 8), the debonding of the ITD and PTD is caused by the elas-
tic modulus mismatch of the two materials, which occurs along the bonding interface.
In our approaches, no clear debonding phenomena observed howbeit similar fracture
observed as in the zoomed view in Fig. 12 and Fig. 15. Hence, the debonding can be
investigated based on our model through studying the shear stresses on the bonding
interface between the ITD and PTD.
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Fig. 25 The shearing stress-strain relationship of the bonding interface with the crack
propagation, comparing elastic and perfectly plastic ITD, respectively.

Here, in Fig. 25, the shear stress-strain on the ITD and PTD bonding interface is
given. From the distribution of the diagram, there is no clear variance with the effect
of the ITD plasticity. With the scrutiny of the two curves, the zoomed view displays
small variance with the two stresses, in which the plastic ITD bonding shearing stress
was initially larger but later smaller than the elastic ITD’s, and later on bigger than
the elastic ITD. The competing stresses as shown on the bonding interface within the
plastic and elastic ITD clue in that plasticity does not alter shearing between bounda-
ries or frictional failure for our model. Also, the competing stresses indicate how elas-
tic and plastic ITD show different bonding friction behavior at different phase with a
generally similar trend.
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Fig. 26 The 1-directional strain evolution with the growing 1-directional displace-
ments, in which the plastic strain, total strain of the elastic and perfectly elastic
ITD is presented respectively.

As shown in Fig. 14 to Fig. 16 and Fig. 19 to Fig. 22, aside from previous discus-
sions, Fig. 26 quantitatively presents how plasticity affects the 1-directional strain dis-
tribution in the fracture process. The curves comparing structure with the 1-direc-
tional strain of the plastic ITD, elastic ITD, and the plastic strain presents how strain
evolves in the fracture process. Both the 1-direction strain for elastic and plastic ITD
experience a ladder-shaped increase as the 1-directional displacement in the value of
about 0.042. Subsequently, the plastic strain makes an effect at the displacement value
of about 0.043. The ladder-shaped strain increase indicates the fracture occurs on den-
tin. With the effect of the ITD plastic strain, the dentin structure experience overall
higher strain value as to resist crack. Observing the details, there is a smaller ladder-
shaped increase for the dentin strain with plastic ITD. Such ladder-shaped increasing
of the strain could also attribute to the protection mechanism of the plasticity as to re-
sist crack growth.

Conclusion

Investigating the stiffness and toughness of the dentin structure, we first model
the geometry based on the dentin microstructure from SEM photos (Fig. 1, Fig. 2).
The study of the composite’s elastic modulus based on Eq. 2 to Eq. 4 with the bound-
ary conditions of tensile loading with fixed displacement in 1-direction as shown in
Fig. 3 and depicted in Eq. 1. Considering the elasticity and plasticity (Eq. 5 to Eq. 7)
of ITD respectively regarding parameters of Tab. 2. The fracture of the structure is
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based on adopted ductile damage evolution model with failure criterion of maximum
principal stress (Eg. 9 to Eqg. 14) with specific parameters (Tab. 3 to Tab. 6) and
boundary conditions of fixed on the down edge under tensile loading with an initial
crack (Fig. 4 and Eq. 15).

We obtain results of the dentin composite’s elastic modulus 1765574656 Pa.
The 2-directional stress distribution shows there are stress concentrations along the
axis perpendicular to the loading directions on PTD (Fig. 6). The 2-directional strain
also exhibits similar behavior (Fig. 5). With ITD plasticity, the 2-directional strain is
more heavily concentrated on the four corners bonding the PTD on ITD (Fig. 7). Such
phenomenon is delineated through observing the 2-directional plastic strain distribu-
tion, showing the plastic strain initiated on the four corners nearing the central axis,
from which we could deduce the strain concentrations on corners are 1TD plastic ef-
fect (Fig. 8). The 2-directional stresses exhibit lower values with more an evenly dis-
tributed pattern (Fig. 9). The 2-directional reaction forces visualize how ITD plasticity
influences the overall stiffness through forces reduction (Fig. 10).

For the fracture growth evolution, we observe two types of cracks: crack growing
along the axis perpendicular to the loading direction on PTD and wavy cracks sur-
rounding the PTD on ITD as in the zoomed views (Fig. 12 and Fig. 15). We also de-
tected V-shaped cracks (Fig. 15) that can be attributed to the synergy of the PTD in-
ner friction and crack propagation along the axis perpendicular to the loading direc-
tion. With the plasticity of ITD, the structure exhibits lower 1-directional stress values
(Fig. 13 and Fig. 18) yet small variance for the 1-directional strain (Fig. 16 and Fig.
20). To investigate the plasticity specifically, the 1-directional plastic strain shows lit-
tle concentration on ITD with a value of approximately 0.001 (Fig. 21 to Fig. 22).
Such a result indicates the plastic strain does not variate strain value evidently, while
reduces the stress value to resist crack growth (Fig. 18 and Fig. 13).

Based on the 1-directional stress-strain distribution for both the ITD and the PTD,
The ITD plasticity reducing the PTD with elastic ITD for 2-directional stress evi-
dently in Fig. 23. Howbeit the ITD plasticity slightly increases the ITD 2-directional
stress value (Fig. 24 and Fig. 25). Such results unveiled the protection mechanism of
ITD plasticity: to slightly increase the ITD stress to absorb the fracture energy dissi-
pated from the PTD as the PTD stress is reduced. There is no shearing stress value
variance on the bonding interface, indicating plasticity does not contribute to such
fracture phenomenon (Fig. 25). The strain distributions indicate plasticity occurs after

the initiation of fracture to resist further failure (Fig. 26).
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SECTION V

Investigation of the mechanics of the airfoil: application of

machine learning in the noise prediction of NACA 0012

Abstract

NACA 0012 is a typical airfoil widely applicated for studies of fluid mechan-
ics. The fluid stream on airfoil creates noise. The mechanism of airfoil noise is com-
plicated. The concentration of the study is to investigate the noise of NACA 0012
based on the experimental database. The NACA airfoil is introduced in which related
parameters and designation are shown as figures. The mechanism of airfoil encoun-
ters a free stream flow is given and introduced. Plus, based on simulation and ob-
tained data, the mechanical distribution of the airfoil is presented in both the form of
diagrams and simulation results. The attributes of the applied database are presented,
where the data attributes are represented as figures. The mathematical basis of the de-
cision tree and a linear regression model is demonstrated through equations. Hence,
the calculation results of the decision tree and linear regression model is presented as
the form of figures and formulas. Here, | applied a set of data trained for the model to
verify the validity of both the decision tree and regression model. Simultaneously, a
set of tested data is used in both the models to get the predicted noise of airfoil NACA
0012.

Keywords: computational fluid dynamics; machine learning; finite element method,
airfoils; NACA0012
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Introduction

The application and study of airfoil started in the 20" century, in which the
NACA airfoil, a collection and parameters’ algorithm of airfoil created by NASA, is
widely applied and studied by scholars. Computational fluid dynamics is also widely
used in the study of airfoils, especially in determining the mechanical distribution and
analytical refinement of airfoil design [2]. The dynamic motion and vortex distribu-
tion are also taken into consideration [3]. Similar works were then, coupled with wind
tunnel test to investigate the wing-body effect [4]. The numerical study also investi-
gates its ground effect focusing on the wing vortex [5]. The wing’s noise effect and
pollutant emission’s effect is then be reviewed and discussed [6]. Most importantly,
the morphology and its mechanical effect of NACA 0012 airfoil are discussed, which
elucidate the important mechanism of airfoil’s geometrical parameters on mechanics
[7]. The material designation, which includes material and structural arrangement,
contributes largely to the reduction of noise [8], which are discussed in this article.
The computational mechanical coefficients (Lift, Drag, Moment) is calculated by in-
vestigating various parameters in the CFD process [9]. Taken the 3D wing as a whole,
the algorithm for computational simulation methods is discussed and applied to differ-
ent wing shape [10]. For what is more, certain optimization based on mechanical co-
efficients calculation is presented [11]. The complex essence of airfoil design is eluci-
dated in detail considering fluid mechanics [12]. The detailed investigation of the
CFD application on NACA 0012 is proposed in a methodology to harvest the benefits
of camber morphing airfoils for small unmanned aerial vehicle (SUAV) applications
[13]. The fluid fields and mechanical coefficients are studied by inspecting the angle
of attack ([14], [15]). The vibration and noise are generally mostly caused by the vor-
tex. Airframe noise of engine vortex is studied by carrying out extensively noise con-
trol tests, which presents a few design concepts on the landing gear, high-lift devices,
and whole aircraft are provided for advanced aircraft low-noise design [16]. Such vor-

tex is also studied with regards to Reynold’s number [17].

Taken consideration of the airfoil’s noise, complex characters synergized the pro-
duction of fluid noise, which is still in studying by scholars. Albeit the exact equation
depicting the cause of noise does not exist, a significant amount of methods can be
applied for noise prediction, including model describing the running of the engine
[18]. Therefore, noise reduction potentials are thence be demonstrated through numer-
ical method [19]. Experimental methods for noise detection is also presented with re-

90



Hanfeng Zhai Computation Methods for Applied Mechanics

sults of different noise reduction approaches [20]. Specific wing design could also re-
duce noise [21]. In fine, noise is very complicated and yet has no exact methods for
the study.

Notwithstanding, machine learning is born to solve complicated, knotty prob-
lems. Based on the database applied from experiments of airfoil NACA 0012 contain-
ing noise and related attributes’ data [1], Brooks et al. [22] presents predictions of the
airfoil noise based on previous data and methodologies. Then, a neural network study
for noise prediction is presented ([23], [24]).

Method
NACA 0012

The NACA airfoils are airfoil shapes for aircraft wings developed by the National
Advisory Committee for Aeronautics (NACA). The parameters in the numerical code
can be entered into equations to precisely generate the cross-section of the airfoil and
calculate its properties. [25]

The schematic view of airfoil NACA 0012 is shown as in Figure 1, in which the
geometrical parameters is obtained from Airfoil-Tools [26].

Airfoil NACA0012
0.05 T I I I I
0 W‘"’”
-0.05 T . L | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 1 Schematic illustration of airfoil [NACA0012] morphology.

When encountered with free stream flow, the airfoil will experience lift and drag
force, which magnitude is determined by velocity (v), angle of attack («), etc. as
shown in Figure 3. Such mechanical distribution will hence be analyzed through sim-
ulation and decent diagrams.

Plus, on account of the air friction, boundary layer detachment, vibration, etc. the
airfoil will generate noise of different magnitudes. The mechanisms of such noise are
complex. Thus, with the application of machine learning, we can discern certain
mechanisms under the noise generation based on the airfoil experimental database.
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Fig. 2 The collection of NACA airfoil [25].

Fig. 3 Schematic view for the mechanical distribution on airfoil free stream velocity.

The attributes of the database are shown in Table 1, from which one could obtain
that there are five attributes that are taken into consideration in the experiments: Fre-
quency, Angle of Attack, ..., Suction side displacement thickness. The value of these
attributes with their relation with Scaled sound pressure level is shown in Figure 4,

where Scaled sound indicates the airfoil’s noise.
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Frequency [Hertzs]

Angle of attack [degrees]

Input Dataset Chord length [meters] 1503 (data)
X
Free-stream velocity [meters/second] 5 (sets)

Suction side displacement thickness
[meters]

Scaled sound pressure level

[decibels] 1503 (data)

1 Output Dataset

Tab. 1 The basic information and attributes of the airfoil dataset.
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Fig. 4 The diagram of data attributes of the airfoil data. (a) Sound Pressure-Fre-
quency diagram. (b) Sound Pressure-Attack Angle diagram. (c) Sound Pressure-
Chord Length diagram. (d) Sound Pressure-Velocity diagram. (e) Sound Pres-
sure-Displacement Thickness diagram.

Decision Tree

When estimating the purity of data sets, we often choose information entropy as a
metric. First, let us first set D to represent the database, the proportion of the k™ sam-
ple in the data is py(k=1,2, ...,|y|), then the information entropy D can now be de-
fined as

93



Undergraduate Research Forum

[yl
Ent(D) = — 2 Prlog, pi
k=1

In which the smaller the value of Ent(D), the higher the purity of entropy D.

Now assume that the discrete attribute a has V possible values {a', a2, ... , a"},
and now divide the sample set D for the general attribute a, then there will be V
branch nodes (the v*" branch node contains D where the sample with the value a’ on
the attribute a is denoted as D"). based on the entropy definition, the number of differ-
ent samples included in different branches can be considered where the branch node is
given as |DV|/|D|. then it can be inferred that the samples’ numbers corelate with the
branch node influence. Hence, the information gain of attribute a for sample D can be
calculated:

|D”]
D

4
Gain(D,a) = Ent(D) — Ent(D?)

When selecting classification indices for the sample set, there are many classi-
fication methods. In this paper, Gini index are used for classification and calculation.
First, the Gini index is applied to analyze the purity of the data set D:

4

Gini(D) = " > pepy
k=1k'#k

Among which the Gini(D) are randomly drawing two samples from the data set
D, and their categories are respectively marked or represent different probabilities.
Therefore, the smaller the calculated Gini(D) value, the higher purity of the data set
D, where the attribute a Gini index is defined as

v
. |D”|
Gini_index(D,a) = E 5

v=1

Gini(D")

In the paper, to simplify the calculation process, | deviate the scaled sound pres-
sure in to two values, 0 and 1, which is distinguished by the mean value of sound
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pressure. According to the attributes in Table 1, the equation of the decision tree cal-
culation is shown in Equation 5.

.
17aluel (V) valuel(noise 1) valuel(noise 1)
Gini_index(D, F = { = -(1— ‘)}
ini_index(D, Frequency) 1503 value, value,
value, { . valueymoise 1) (1— valuez(noise_l)» valuen{ . valuenmoise 1) (1— valuen_1>}
1053 value, value, 1503 value, value,
v, (angle of attack v a v
Gini_index(D, Angle of attack) = 1(ang 15({3 ){2 . 1(;;1()05) ) . (1 - 12‘1))} +
¢ V1(noi l v
Gini_index(D, Chord length) = 1) {2 ] 1noise. ) () . (1 - —l(n‘l))} + -
1503 2] 12

vi(v v v v v
Gini_index(D, Free stream velocity) = i ){2 . 100 () . <1 — M)} + -

1503 (2] 2]
210 v o) v o)
Gini_index(D, Suction side displacement thickness) = %) 2 10 (0) 11— M + -
1503 121 121

\

Linear Regression

Initially, for a dataset with d attributes (independent variables), where we express
as x = (xy; xp; ...; Xg). Where x; is the value of x in the i'" attribute. Hence, a linear
model for function can be predicted by building a linear model

f(x) = wix; + Waxy + -+ wgxg + b

For the multiple linear regression problem of the data set D with d attributes, we
use the general vector form to express

f(x) = w"x; + b, where f(x;) = y;

Subsequently, we can use the least square method to estimate w and b. For con-
venience, the vector form @ = (w; b) is introduced. Therefore, the dataset D can be
represented as a matrix X of size m x (d + 1), where each row corresponds to an ex-
ample, and the top d elements of the row correspond to d attribute values in the in-
stance, the element value in the last row is always 1.

X11 X12 X1ga 1 xl 1
X21 X22 Xoa 1 T
X = = xz 1
g
Xm1 Xm2 = Xmd 1 m 1

in which the attribute y takes the form
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Y =012 Ym)

We set the vector @™ as given:

~% _argmin ~ ~
»* = ga, y—Xa)" (y — Xo)

Now we set E; = (y — X@)"(y — X@), by derivation of & one get:
0E;
—=2X"(X® —
% Xo —y)
Let the value of Equation 11 be zero, one get the optimal solution of @. When
XT X is a full rank matrix and a positive definite matrix, let ?—a‘f’ be zero one get:
a\)* — (XTx)—ley

where (X7 X)™! be the inverse matrix of X7 X. Let ®; = (x;; 1), hence eventually one
get the linear regression model:

f@&) =% (X"X)"'X"y

For the estimated dataset specifically, the X matrix is given considering the five
attributes of the dataset:

X variables

Frequency Attack Angle Chord length Free velocity Suction displacement
value,, valuey, value;, values,, valueg,

value, 503 valueyqsos value;sos values, oz valueg;sos
Similarly, the y vector is given based on the dataset as:

Yscaled sound pressure level = (valuey; value,; ...; Ualu€1503)
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Results
Mechanical Distribution

Based on the preceding introduction of airfoil’s mechanical distribution, one
could carry out a simulation of NACA 0012 in thence obtain its pressure and velocity
distribution, which are shown in Figure 5 and Figure 6, respectively.

Fig. 5 The simulation results of the pressure on airfoil [NACA 0012].
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Fig.6 The .simulation results of the velocity on airfoil [NACA 0012].
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From such distributions in Figure 5, one could deduce that the pressure on the
lower surface is higher than which on the upper surface, which explains the lift force
on an airfoil with the existence of angle of attack. Similarly, with the estimation of ve-
locity distribution, one could observe a vortex that exists on the upper surface of the
airfoil, in which velocity value is approximately zero indicating the drift-away of the
boundary layer.

As introduced in the preceding chapter, there are lift, drag, and the moment on
the airfoil when encountered free stream flow (Figure 3). These mechanical variables
are denoted by dimensionless coefficients C, Cp, Cwm, respectively. They corelate to
the angle of attack (), and Reynold’s number (Re). The relations of these mechanical
coefficients to « and Re is shown in diagrams (Figure 7).

Airfoil NACA0012

1.5 T

izl ——Re=50,000 | | ——Re=50,000
——Re=100,000 1| Re=100,000 2\ |
o1l Re=200,000 p | Re=200,000
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S of ’
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Fig. 7 Mechanical distribution of the airfoil [NACA 0012]. (a) The a-Cp diagram.
(b) The a-C. diagram. (c) The Cp-C. diagram. (d) The a-Cwm diagram. In which «
is the angle of attack, Cp is the drag coefficient, C_ is the lift coefficient, Cw is
the moment coefficient.

From Figure 7 one can observe that NACA 0012 mechanical coefficients gener-
ally have a complicated relation to o and Re. The drag coefficient is the highest when
Re = 100,000 compared to applied Re. The coefficients fluctuate with no clear posi-
tive or negative correlation presented.
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Decision Tree

Based on the Gini index as mentioned (Equation 4). The decision tree judging the
dataset with the sound pressure value of 0 and 1 can be obtained through the given al-
gorithm and presented as schematic as shown in Figure 8.

x1 <2250 Ax1 >= 2250

x5 < 0.0277259 Ax5 >= 0.0277259 x5 < 0.00206113 A5 >= 0.00206113
x1 < 450 AT >= 450 A X1 £Xx1 A\x3
/55 x1 < 1425Ax1 >= 1425 X XN S NG /X A\ X5
X3/ xg 1L x4\ X

/N\x2 LXX5 X3 A /N AN\ /K /N /N /N /X

0 0 0 0 x1 0
® X XS XX x2A\ x4\ 1Y /N3 ® o Ax3
3 \\ x5
XA g XX '3 A3 ¢XON AT A : : /X5 \x4
2

Y AR /\xa N\x5

SO XN 5N ¢ Axi
0 ) U U 0

x2/0\

x5 /\

Fig. 8 Schematic view for the decision tree calculated from the dataset.

The presented schematic view shows how the attributes in the dataset help us as-
sess the value of the sound pressure (0 and 1), in which x1, x2, ..., x5 represents the
attributes of Frequency, Angle of Attack, ..., Suction displacement, respectively. The
decision tree also indicates that a robust correlation of the attributes in the dataset as
the generally numerous branches.

Linear Regression

As presented (Equation 13) we already attain the relation between the input data
attributes and the sound pressure (noise), a linear regression model could be built with
the algorithms as presented in Figure 9. As shown in the figure the model could be
simplified as an equation: y = 151.563x, in which x contains information of the
tested variables.
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Linear Regression Model for Airfoil Data
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Fig. 9 Fitting diagram of linear regression model fitted for airfoil dataset.

Based on the algorithms, we can build two linear regression models of the da-
taset. One is a perfectly linear model as shown in Table 1, in which the relation of the
five variables to the sound scaled pressure is perfectly linear. In the table the variables
x1, x2, ..., x5 represents the attributes of Frequency, Angle of Attack, ..., Suction dis-
placement, respectively.

Linear regression model: y ~ 1 + X1 + X2 + x3 + x4 + x5

Estimate SE tStat pValue
(Intercept) | 132.833805778378 0.544700692398831  243.865681891069 0
x1 -0.00128220710890557 4.21054737495061e-05  -30.4522665279502  6.42181698991263e-159
X2 -0.421911705048041  0.0388960909748539  -10.8471492989052  1.92337642119333¢-26
X3 -35.6880012257975  1.63043191185934 -21.8886792917952  2.28683899975858¢-92
x4 0.0998540448518054  0.00813225043082764 ~ 12.2787579148398  4.34063619837972e-33
X5 -147.30051877787 15.0146684410392 -0.81044099350586  4.61724441831751e-22

Tab. 2 Calculation results for linear regression model fitted for airfoil dataset.

Based on the parameters shown in Table 1, one get the linear model of the scaled
sound pressure representing in equation:

Psouna = —1.28 X 1073v — 4.22 x 107 ta — 35.691 + 9.99 x 107%v — 1.47 X 10%§
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In which v is the Frequency, « is the angle of attack, I is the Chord length, v is the
Free-stream velocity, ¢ is the Suction side displacement thickness; Psound is the Scaled
sound pressure level.

Howbeit as shown before (Figure 4) one can deduce that the relation of the varia-
bles to the sound pressure is more complex than perfectly linear. Thence we imple-
mented a coupled linear regression model.

Linear regression model: y ~ 1 + x2 + x1-x3 + x1-X5 + x3-x4 + x4-x5

Estimate SE tStat pValue
(Intercept) | 131.107551175829 0.83173887119001 157.630664764107 0
x1 -0.000207045198598631  6.57024552883535¢-05  -3.15125511961396  0.00165798968352487
X2 -0.263028545763508  0.0348685726211137 -7.54342739009164  7.91349422142312e-14
X3 -26.5717945260154 4.15373708361991 -6.39708146931113  2.11398122204992¢-10
x4 0.0393744358643762  0.0152452412749828 2.58273615708457  0.00989645186584277
x5 -147.282535654558 30.7278529952379 -4.79312810033891  1.8056401215327¢-06
x1:x3 -0.00507495827908918  0.000354198419409863  -14.328009389609  1.00696658701296¢-43
X1:x5 -0.0669843797917566  0.00406323583715607  -16.4854767176498  3.17903990160932e-56
X3:x4 0.244926722625617 0.0777389551739563 3.15063049249305  0.00166151544042849
X4:x5 2.09267395321099 0.555892284068762 3.7645313906752  0.000173330833429639

Tab. 3 Calculation results for optimized linear regression model fitted for airfoil da-
taset.

Based on such the equation could be written as:
Pepuna = 1 — 0.26a — 5.07 x 1073vl — 6.70 X 1072v§ + 2.45 x 1071 lv + 2.09v8

In which v is the Frequency, a is the angle of attack, | is the Chord length, v is the
Free-stream velocity, ¢ is the Suction side displacement thickness; Psound is the Scaled
sound pressure level.

Noise Prediction

Therefore, as the model obtained, we could implement tested data to predict the
noise of airfoil NACA 0012. With regard to the range of data in the trained dataset, |
set a group of data to predict the possible noise with existed input data.

When implemented on the obtained decision tree (Figure 8), distinguished by the

attributes’ data of x1, x3 and x5 (Frequency, Chord length, Suction displacement), we
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obtain the final judgement of x5 (Sound pressure) is 0. Hence, we can conclude the
noise of such data is below the mean value, which is Ps,,,q < 125.721 [dB].

[Hz]
Frequency V= 10,000
[
Angle of Attack o=1
[m] Sound scaled pressure
Chord length [=0.1 *
P=7[dB]
[m/s]
Free stream velocity y=1()
o [m]
Suction displacement §5=0.01

Tab. 4 The process of obtained the predicted sound noise of airfoil NACA 0012.

When implemented such data on perfect linear regression (Equation 16) one ob-
tain Pyyyna = 115.5466 [dB]. The coupled linear regression (Equation 17) one obtain
Psouna = 137.7693 [dB]. The predicted noise of the coupled linear regression does
not correlate with the decision tree judgement, which indicate that errors exists in the
coupled linear tree and the accuracy is not high with the input data.

Conclusion

NACA 0012 is a classical airfoil (Figure 1) created by NASA (Figure 2) used for
research in the field of fluid mechanics. The airfoil will take lift, drag forces and mo-
ment undergoing free stream velocity (Figure 3). The mechanical distribution on the
airfoil could be investigated through decent simulations (Figure 5 and Figure 6) and
the drag, lift and moment coefficients with their relations to angle of attack and Reyn-

old’s number could be presented in diagrams (Figure 7).

Specifically, the free flow interacting with the airfoil will generate noise that can
be represented by the sound scaled pressure. The mechanism behind such interaction
is complex and there are hardly widely accepted equations representing such relation.
Notwithstanding with the application of machine learning, which including decision
tree (Equation 1-Equation 5) and linear regression (Equation 6-Equation 15) we could
discern such relation. An experimental dataset containing information of NACA 0012
related mechanical variables and sound pressure is implemented for the algorithms
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(Table 1, Figure 4). With the application of decision tree algorithm, a schematic dia-
gram of the decision tree could be obtained (Figure 8). Plus, the perfectly and coupled
linear regression model is presented as given (Table 2, Table 3, Equation 16, Equation
17). Based on such results, we can implement a set of testing data to predict the possi-
ble value of the sound pressure. When inputting a set of data containing certain values
of mechanical variables (Table 4), we obtain the predicted level of noise from deci-
sion tree is 0, which mean it below the mean value (Psyyng < 125.721 [dB]). With
the application of perfectly linear model, the predicted sound scaled pressure is
Psouna = 115.5466 [dB]. The predicted sound pressure for coupled linear regression
model is Psyyng = 137.7693 [dB].

Discussion

The mechanism of the airfoil’s noise is still complex and yet to be depicted by
detailed equations. Howbeit, we present a possible application of noise prediction by
inputting the airfoil mechanical data. Albeit errors more or less existed as distortions
shown in the results of the decision tree and coupled linear regression model, the
method still provide an approximate scale of the noise generated by the airfoil. The
pedigree of the noise includes shift-away of the boundary layer, vortex collision, etc.
These phenomena are arduous to be depicted by equations when they are coupled
with each other.

In fine, the presented methodologies could provide guidelines and decent insights
for manufacturing and designation of airfoil, further, plane wing.
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SECTION VI
An optimized algorithm for the prediction of the water emp-
tying time on BPNN

H. Zhai’, K. Wang?, Z. LiuT

+  Department of Mechanics, School of Mechanics and Engineering Science, Shanghai Uni-
versity, Shanghai, PRC

1 Process Equipment and Control Engineering, College of Energy Engineering, Zhejiang
University, Zhejiang, PRC

91 Mechanical Engineering, School of Mechanical Engineering, Zhejiang University,
Zhejiang, PRC

Abstract

The water discharge problem is a classic fluid mechanics problem yet hard to
resolve due to its complex nature involves water-air interactions that generate air bub-
bles and vortex. Here, we analytically show that for water discharge in a square pipe,
the water emptying time is quadratically proportional to water height and pipe length,
and the solution is distributed on a “solution surface” in the t — h — | space. Also, we
found out that the water emptying time is shorter with bigger angles, and the water
discharge rate is the highest for the Nongfu spring bottle and lowest for the Pocalri
bottle. We explain such by bottle shape, depicted by the bottleneck shape and bottle-
body trough. We qualitatively show that with a bottle shape depicted by n > 1 with
our equation, or with a trough on the bottle-body, there is more likely to generate vor-
tex and friction to slow the discharge. For what is more, the bottle-body trough plays
a major in our approach. Inspired by the preceding approaches to solving fluid me-
chanics problems with machine learning, specifically using neural networks, we build
a regression model based on our experimental data of the water discharge with BPNN
to obtain the satisfied network through a strategy we called “Lucky-Draw”. We obtain
that for our data the best BPNN parameters are: &£ = 1 and @ = 1073, Henceforth, we
generate the satiated network with our algorithm shows good accuracy. We also im-
plement a randomly generated dataset to get a prediction from our network.

Keywords: fluid mechanics; water discharge problem; BPNN; machine learning
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Introduction

The water discharge is a phenomenon that is rather common in our daily life and a clas-
sic fluid mechanics problem. Such a problem, while may seems simple and common, is diffi-
cult to resolve due to its complex essence. The two-phase flow of water and air involves slip-
pery water-air interactions and inter-surface contact, which requires a complicated mathemat-
ical model [1]. Therefore, a purely analytical approach is time-consuming and inefficient. For
what is more, preliminary experimental approaches are more widely adopted for students to
investigate [2] and statistical estimation of the experimental data could provide a valuable
message as to elucidate the water discharge mechanism [3]. The process of explaining such
problem with experimental approaches is presented as examples for analysis by H. Mayer [4],
who coupled with the experimental data with the traditional mathematical model and con-
tends that the water emptying time is positively proportional to bottle volume, maximum di-
ameter, bottle height and negatively proportional to neck diameter, which is similar to out ap-
proaches.

However, with the fast-growing technology, due to its efficiency and viability, simula-
tion is a more widespread approach nowadays, especially for fluid mechanics problems. As
mentioned in the previous paragraph, the two-phase flow is a knotty issue engaged in the wa-
ter discharge, while Liu et al. [5] present a CFD approach for the macroscopic water dis-
charge for the flood. For what is more, the numerical approach also elucidated that the spe-
cific bottle dropping water discharge problems involves a generation of an air bubble be-
tween in the bottleneck area, the pressure around such area is wavy with time and the fluctua-
tion is more intense with the bigger bottle outlet diameter [6]. Furthermore, the air bubble in-
volved is one of the most important characteristics in the water discharge problem, as studied
both from the dynamical perspective and the vibrational perspective ([7], [8]). Subsequently,
other approaches such as image estimation with high speed camera is also implemented in in-
vestigating such a problem and provide valuable information about how the air bubble
evolves [9].

Aside from the analytical, experimental, numerical, and image approaches, currently,
machine learning is widely adopted in the study of fluid mechanics. Specifically, neural net-
works are especially suitable for studying complex fluid mechanics problems to reveal the
mechanisms beneath the complex experimental data. In 1989, the NASA scientists already
provide a feasible approach using an algorithm to predict the noise of a NACA airfoil as a re-
gression model [10]. Later on, in the 21 century, neural network approaches have been im-
plemented on the same database and all generate satiated results ([11], [12]).

Inspired by such exciting and promising results, we implement the neural networks ap-
proaches on the water discharge problem, to see whether we can obtain satisfying results as
presented with the traditional approaches. Our basic strategy is to consider the water dis-
charge experimental data as a regression model, in which the bottle’s parameters and angles
are input data and the water emptying rate is the output data. We implement a BPNN with
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our algorithms and predict the water emptying time compared with our experimental data to
check the accuracy.

Method
2.1 Problem formulation

As discussed in 8, the water discharge problem is a classic fluid mechanics yet rarely
studied in modern scientific researches. The problem, while may seem simple and rather
common in daily life, considering the complex two-phase fluid interaction and the interfacial
problems involved between water and air, the problem is intricate and even difficult for simu-
lations. Hence, a new strategy is being adopted, coupling statistics with fluid mechanics
knowledge, one could discern certain scientific nature with the experimental approach.

Bottle type

Fig. 1 Schematic illustration for the water discharge problem and the experimental method.
Note that the bottles are named coke, Nongfu spring, Pocalri, soda bottle, from left to
right.
r‘

&—— Anchored by';hand

Stabilization

Fig. 2 Picture for the experimental setup.
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The schematic view for the experiments is shown as in Fig. 1, in which we change four
different types of bottles having different bottleneck diameter, volume, and shape; changing
tilted angles, one could obtain different water emptying time. Here, we measure the time with
the same parameter (i.e. angle, diameter, volume, etc.) for ten sets to increase the accuracy as
possible. Note that the angles are set to be at three values, i.e. 30, 45, 60, in degrees.

Here, we present a picture showing how we approach the experiment in Fig. 2. In the
process, we control the angle with specific rulers and anchor the lower part of the bottle with
our hands. We measure the emptying time when water started to drop out of the bottle and
measured ten times with the same groups of parameters. The data is recorded matched with
each’s corresponding parameters.

2.2 Mathematical model

Here, we try to present a way to obtain the analytical solution as a simplified model for
the water discharging problem. Now we consider a horizontal bottle as shown in Fig. 3, with
a square cross-section of side length a. Provided that the water is flowing out at a steady-state
and the water-air interaction is neglected.

< l )
A a
al
! —_ a
A
h |
\ A /
Fig. 3 Schematic view for the water flow problem, in assumed conditions.
Now let us consider the momentum and the flow volume of the water:
h dx
pgz-ah-dtzdm-Vzahdxp-E (D
dQ =dh-l-a=ah-dx (2)

Where dx = “-in (2).

Substitute such into Eq. 1:

gh dx-dx
2 dt-dt

gh dx ldh 4
2 dt hdt (4)
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Hence, one can deduce the water discharge time:

dt_ldh 2
" h |gh

Here, we integrate Eq. 5, the water emptying time can thence be calculated as
f dt = f 12 dh
) h|gh
Thence, the emptying time is obtained:
2 1
t=-2|=-lh24+C
g

Where C is an indeterminate constant.

(5)

(6)

(7)

Based on our analytical solution (Eqg. 7), we can provide a visualization as shown in Fig.
4. Although the model is greatly reduced and based on very special conditions, the solutions

can still provide decent guidelines for our estimation of the water discharge problem.

Solution surface

—C=10

h 20 00 )

Fig. 4 Visualization of the analytical solution corresponding water emptying time with

length and water height.
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As it is shown in Fig. 4, in the solution space (t — h — 1), all the solutions are concentrated
on a surface that [ nominated “Solution surface”. The height and length are linearly propor-
tional to each other; the emptying time has a quadratic relation with water height and length.
For what is more, as the constant changes, the solution “steepness” or shape is not changed in
the solution surface.

2.3 Algorithm approach

As mentioned in 8.1, we adopted an experimental method obtaining a [12 X 4] data-
base. Notwithstanding, as given in the latter chapter 8.1, the water bottleneck’s shape and
bottle-body’s trough also may influence the water discharge rate. Hence, we consider such
two attributes as: if water bottleneck shape function parameter n > 1, then the value is 1, else
0; if water bottle-body has a trough, then the value is 0, else 1. Henceforth, we expand the da-
tabase to [12 X 6].

Estimating the database one can discern that the calculation of the water emptying
time can be regarded as a regression model, in which the input data involves 5 sets: bottle
type, bottle volume, ... as shown in Fig. 5. The water emptying time is calculated as the mean
value.

Bottle type

Bottle volume

Bottlebody trough —__| xl Z Water emptying time

Bottleneck shape 7

Bottleneck diameter

Tilt angle

Fig. 5 Illustration for the regression problem based on the experimental data.

There are various ways of building a regression model and providing solutions. The sim-
plest one is a linear regression model. However, considering the relatively few data and the
complex nature of such a problem as mentioned in 8.1, such a model might not provide ac-
curate predictions. Here, we provide a neural network method, for the prediction of the water
emptying time. A simple BPNN parameter deciding process is shown as in Algorithm 1.

As shown beyond, Algorithm 1 gives an approach of finding the best neuron numbers ¢
and learning rate a, which are the two parameters that might greatly influence the network’s
performance, for the generation of the neural network with best efficiency and accuracy.
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Algorithm 1: Determining the Parameters of Original BPNN

Set the initial value of sum of the determining factor RZ,;, = 0; and sum of the
relative error &g, = 0.
For a loop running with 103 iterations:
Clear all the remaining values of the last iteration;
1: Importing and operating the data.
2: Generate the network:
Change the specific parameters:
i. Set the neuron numbers ¢ — change from 1 to 20.
ii. Set the training epochs = 10°.
iii. Set the training goals = 1073.
iv. Set the learning rate a@ — change from 10~! to 1075,
Training the data with given parameters and creating simulation.
3: Calculate the results:
The sum of determining factor R2,,, = R%,m + R?, the sum of the relative
eIror &gum = Esum T &-

2
RSum Esum
Iterations’ Iterations’

The mean value of R? and ¢ is calculated by

Calculate the CPU running time t.,,
End the loop.

Algorithm 2: Obtain the BPNN model

For a loop running with 10° iterations:
Clear all the remaining values of the last iteration;
1: Operating the data:
Import the water discharge experimental data to define the input and
output data, and set the training and testing sets.
Normalize the input dataset.
2: Generate the network:
Set the given parameters obtained from Algorithm 1.
Training the data with given parameters and creating simulation.
3: Calculate the results:
Obtaining errors and deciding parameter R?;
Outputs the results as comparing the testing data and simulation results,
and calculate the relative error &
4: Generate a condition to break the loop:
If a value of R? that beyond 0.95 is detected, then plot the errors
distribution and break the loop.
End the loop.

After obtaining the best parameters that fit the data for the BPNN with the highest per-
formance, we need to generate the network satisfies our standard (R? > 0.95) as shown in
Algorithm 2. Hence, we create a loop with a large circulation number (10° in our approach)
to find such a condition. When the condition is detected, the loop is break and the results are
obtained, which we nominate as “Lucky-Draw”. Note that the calculation is carried out by
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Lenovo ThinkPad E480 with CPU: intel CORE i5 8" Gen. The code is running in MATLAB
R2017A with system: Windows 10.

Results and discussion
3.1 Experimental estimation

Based on experimental operations as given in .1, we obtain results as shown in the fol-
lowing figures. To show the range and deviation of the datasets, we plotted the graphs as the
form of a boxplot.

Here in Fig. 6, one observes that for the coke bottle, as the angle increases, the water
emptying time evidently reduced. For what is more, the deviation is larger for the angle of 60,
in degrees. Such results indicate that for the coke bottle, larger angles give a more discretized
data distribution. This may cause by the air bubble or air-water interactions in an increasing
steepness. While it also may cause by the specific shape of the coke bottle.

8.4 *
82+
8 [ l
e =
s 76+ ‘\‘\
2 ",
S T4F \\
=% AN
E72F AN +
= N
N\,
7t . :
s N
1 i )
6.6 F
64 L 1 1 1
30 45 60
Angle

Fig. 6 The Emptying time-angle boxplot diagram of the coke bottle.

However, the same nature does not apply to the Pocalri bottle or the soda bottle as shown
in Fig. 7 and Fig. 8. As shown, for Pocalri and soda bottle the emptying time does not show
an evidently higher deviation with larger angles. Moreover, the error distribution does not in-
crease eminently with bigger angles. Such results could be explained by the specific shape of
the Pocalri and soda bottle. Notably, the emptying time dropping patterns both follows an ap-
proximately linear mode for Pocalri and soda bottle (Fig. 7 and Fig. 8), yet dropping either
slower or faster for coke bottle and Nongfu spring (Fig. 6 and Fig. 9).
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But if we neglect the emptying time dropping patterns, the data distribution is very simi-
lar for coke and Nongfu spring bottle. Both have an eminently higher deviation with the in-
creasing angles, and both have a larger error bar with the increasing angles (Fig. 6 and Fig.
9).
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Fig. 7 The Emptying time-angle boxplot diagram of the Pocalri bottle.

|
72+ : .
\xy\\
7+ N\, 4
) | .
g N —
S 6.8 N, . . B
o N
266 ™~ .
N N,
& e e
= 64+ i RN ! 1
] \‘~.\
—_ ~
62} O 1
L)
|
6L —_ ]
30 45 60
Angle

Fig. 8 The Emptying time-angle boxplot diagram of the soda bottle.

From the previous discussions, we know that the bottle shape may play an important role
in determining the water emptying time. To investigate such, we need to obviate the effect of
the bottle volume difference. Henceforth, we define water discharge rate t as the division of
the water emptying time t to bottle volume V/:

(8)

1<
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Fig. 9 The Emptying time-angle boxplot diagram of the Nongfu spring bottle.

Here, Fig. 10 shows us how angle affects the water discharge rate for different types of
bottles. From the relations, the water discharge rate is positively correlated with the angle.
Notwithstanding, the Nongfu spring bottle has an evidently larger discharge rate than other
types of bottles as shown. The Pocalri bottle has the least discharge rate comparing with oth-
ers.

The bottle shape could provide guidelines for the explanation of such a discharge rate
difference, which is shown in Fig. 11 and Fig. 12.

150 ‘
140 7 ”_,.faaaf |
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Fig. 10 The discharging rate calculated as a mean value comparing the four bottles.
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(b) Water // / /
Air
); (c)  Water / /
7
/ / < Air

Fig. 11 Schematic of the provided explanation of the water discharge rate considering the bot-

tleneck shape. (a) Basic strategy for mathematical description of the bottle shape. (b) The

schematic of water emptying process when n < 1. (c) The schematic of water emptying
process when n > 1.

Watpr Air % [ A
QQ\\

|

(a) (b)
Fig. 12 Schematic of the provided explanation of the water discharge rate considering the bot-
tle-body shape. (b) The schematic of water emptying process when the bottle-body has

no trough. (b) The schematic of water emptying process when the bottle-body has a
trough.

In our studies, we try to depict that bottle shape with two main factors, the bottleneck
shape and bottle-body trough. For the bottleneck shape, we try to delineate such with a func-
tion y = x™ as shown in Fig. 11 . When n > 1, the bottle shape is shown as in Fig. 11, which
is correlated with the bottle shape of coke. Such a shape indicates a smoother flow, or, with
less vortex or flow friction due to its streamlined shape. When n < 1, the bottle shape is
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shown as in Fig. 11, where there is a larger possibility for flow the generate vortex and fric-
tion with the bottle inner surface. Such an effect might dissipate the energy and slower the
water dropping process. The preceding theory might provide an explanation for the coke bot-
tle has a higher discharge rate than Polcari and soda bottle. Yet the evidently higher discharge
rate of Nongfu spring is not elucidated.

Observing the four bottle types, we find that both bottles have an evident trough on the
bottle-body except the Nongfu spring. The bottle-body trough can create flow vortex and
generate friction as shown in Fig. 12. Such a theory could explain why the Nongfu spring
bottle has the highest water discharge rate. Moreover, coupled with experiments, we know
that the bottle-body trough plays a more important role in influencing the water discharge
rate.

Applied with the preceding theories, we could also explain why the Pocalri bottle has the
lowest water discharge rate: the bottleneck shape could be depicted by n > 1 and has a larger
n value than the other bottles. Such a shape generates vortex or even air bubbles that will ro-
bustly slow the discharge rate. For what is more, it has some trough on the bottle-body. Both
characteristics will slow their discharge process. For the Nongfu spring bottle, although it
does not have a streamline-liked bottleneck shape as coke does, its smooth bottle-body ex-
plains its fast discharge rate compared with the trough-shaped bottle-body of a coke bottle.

3.2 BPNN algorithm

Running the Algorithm 1, with the set learning rate 1072 [2:iv], from the process [Step
2:i], we obtain how the neuron numbers ¢ will influence the neural network’s performance as
shown in Fig. 13, Fig. 14, and Fig. 15.
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Fig. 13 The relations between the neuron numbers ¢ to determining factor R2.
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Fig. 14 The relations between the neuron numbers ¢ to relative error «.
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Fig. 15 The relations between the neuron numbers ¢ to CPU time t,,.

Given that the equation for the determining factor R?:

R*=N- z Tsim * Ttest
_ (Z Tsim - X Ttest)2
(N ) Z(Tsim)z - (Z Tsim)z) ) (N ' Z(Ttest)z - (Z Ttest)z)

)

Where N is the size of the input testing data matrix, T;,, is the simulation results, T;.; is the
testing samples.

The relative error ¢ is calculated as:
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_ ”Tsim - Ttest”

(10)

Ttest

From the running results, we observe that when the neuron number ¢ = 1 we obtain the
neural network that has the biggest determining factor values (R?), smallest relative error val-
ues (&), and the least CPU running time (t.,,), Which is identified as the best neural network
performance. Such a result does not match with our past experience of neural network train-
ing. We attribute such specific behavior to the small scale of the database. To be specific, due
to we only have four types of bottle and three sets angle values, 12 sets is the most data that

we can obtain from the longitudinal scale (Rows).

Following a similar strategy, given the neurons & = 1, we also run Algorithm 1 [2:iv] to
determine the best learning rate « and obtain results as shown in Fig. 16 and Fig. 17.
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Fig. 16 The learning rate a effect on the network’s performance. (a) The learning rate (a) —
determining factor (R?) diagram. (b) The learning rate (a) — relative error (&) diagram.
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Fig. 17 The relations between the learning rate a to CPU time t, .

From Fig. 16 we observe that both the determining factor R? and the relative error £ does
not indicate a specific learning rate. Yet Fig. 17 indicates that when @ = 1073 we obtain the
smallest CPU running time t,,,. Such a phenomenon indicate that « = 10~3 generate a net-
work that has a better performance.

Set the parameters ¢ = 1 and @ = 1073, we now run Algorithm 2 to obtain the desired
neural network, the results is shown in Fig. 18, Fig. 19, and Fig. 20.
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Fig. 18 The regression model of the generated network.
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Fig. 19 The comparison between the testing samples T;.,; and the neural network’s simula-
tion results T,
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Fig. 20 The distribution of the relative errors & with the testing samples.

Both Fig. 18 and Fig. 19 shows that the obtained neural network has valid performance,
with determining factor R? = 0.96902 and small relative errors € € < 0.1. Here, we also pro-
vide an example: A Pocalri bottle with Bottleneck diameter: 2.5 cm; Volume: 500mL; Bottle-
neck shape: n > 1 with a bottle-body trough; with tilted angle 45°. The predicted water emp-
tying time: 3.2541s.

Conclusion

We investigate the water discharge problem three approaches, creating an experiment,
and qualitatively estimate the experimental data, providing an analytical mathematical solu-
tion, and implement the experimental data on a BPNN model to predict water emptying time-
based on our experimental parameters. We design experiments with two controlled parame-
ters for the study: bottle type and angles as shown in Fig. 1, note that involve various parame-
ters involved in bottle types. The bottle’s body is anchored by rulers and hand as shown in
Fig. 2. Subsequently, we present a water discharge mathematical model of a square pipe (Fig.
3). With the equation of momentum and the flow equation we reason out an analytical solu-
tion, pointing out that time is quadratically proportion to height and length, while the solution
is distributed on a “solution surface” in the t —h — | space as shown in Fig. 4. As introduced
in 8, we consider the experimental database as a regression model, in which a schematic is
shown in Fig. 5. To build such a model with the BPNN method, we provide two algorithms
as shown in Algorithm 1 and Algorithm 2.

Experimentally we visualize our data of the water emptying time with regards to angles
for four bottles as shown from Fig. 6 to Fig. 9. Such results show that both the bottles have
shorter emptying time with larger angles. Howbeit for coke and Nongfu spring bottle, with
larger angles, the data deviation is evidently larger with larger error bars (Fig. 6 and Fig. 9);
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yet such a pattern does not apply to Pocalri and soda bottle (Fig. 7 and Fig. 8). When we in-
vestigate the bottle shape effect on water discharge, we need to neglect the bottle volume, as
we calculate the water discharge rate to depict the water dropping speed as shown in Eq. 8.
Results indicate that the Nongfu spring bottle has the highest water discharge rate and the
Pocalri bottle has the lowest. To explain such a phenomenon, we try to depict the bottle with
two characteristics: the bottleneck shape and bottle-body trough. The bottleneck shape is de-
picted by y = x™ as shown in Fig. 11. Qualitative analysis shows that with a n > 1 bottle-
neck shape water is more likely to be slowed when discharging (Fig. 11) and with a body
trough water discharge are more likely to be slowed due to the vortex and friction (Fig. 12).

With the implementation of the Algorithm 1 of BPNN, we found out that for the experi-
mental data, it is most efficient to take neuron numbers & = 1 (Fig. 13, Fig. 14, Fig. 15) and
learning rate « = 1073 (Fig. 16, Fig. 17) comparing the determining factor, relative error,
and the CPU time of the neural network. With specified parameters, we run the BPNN model
with Algorithm 2 and obtain the satiated network. Our obtained NN indicates good fitting
(Fig. 18), acceptable accuracy with R? = 0.96902 and ¢ < 0.1 (Fig. 19 and Fig. 20). For
what is more, as we input a randomly generated samples, we obtain a prediction from the net-
work.

Our works applying BPNN with a small set of data are just preliminary approaches of
combining machine learning with fluid mechanics, future works may involve optimization of
the BPNN with the implementation of a bigger database.
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Appendix. Code, data and supplementary materials

The code including Algorithm 1 and Algorithm 2, the raw and the operated database, and

other related materials is uploaded on https://github.com/hanfengzhai/WaterDischargeNN.
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