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Hierarchical Homogenization (HHM)

HHM solves the elasticity problem twice:  

1. On all the subcubes (GeoDict). 

2. On the full rock consisting of homogenized subcubes (FFT_GOOSE/in house).

https://micronano.stanford.edu/research/digital-rock-physics 



Hierarchical Homogenization (HHM)

Error analysis: 

1. HHM error decays as n-1 (n is subcube size). 

2. HHM is more accurate than simple average over subcubes.

Admad et al., JMPS, 2023, 10.1016/j.jmps.2023.105268

https://doi.org/10.1016/j.jmps.2023.105268
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Gassmann Equation

• Verification with Gassmann Eqn.
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• Full rock size  (B1)ℝ900

• Subcube size  (729 subcubes)ℝ100

Sample subcubes

Segmenta3on

S+ffness results: https://drive.google.com/drive/folders/1rGHjBuJ7NkypH_oPB2VhzCzuea_YNk5w

Overall porosity: 16.51%

from HHM Defined proper3es

• Full rock size  (CG)ℝ900

Overall porosity: 22.20%



Verification of Gassmann Equation (single sub-cube)

• After segmentation

KminSolid phase

{
Kfl

Kair

Fluid phase      34.2106       4.0096       3.6662       0.4697      -0.2140      -0.0706 
      4.0096      37.7583       4.0362       1.2725      -0.1819      -0.3833 
      3.6662       4.0362      36.1864       1.9262      -0.6563       0.3987 
      0.4697       1.2725       1.9262      15.1915      -0.4254      -0.4918 
     -0.2140      -0.1819      -0.6563      -0.4254      12.8380       1.1448 
     -0.0706      -0.3833       0.3987      -0.4918       1.1448      13.6445 
#       Voigt     Reuss       Hill 
bulk    14.6199       14.4892       14.554584252212372 
shear    14.7644       14.5370       14.650697517655548

Dry Rock

Saturated Rock

GeoDict

Gassmann

17.0806 GPa

 17.048701629439385 GPa
Rela+ve error: ~ 0.2%

     36.8727       6.4455       6.1788       0.3356      -0.1944      -0.0887 
      6.4455      40.1218       6.3815       1.1324      -0.1395      -0.3994 
      6.1788       6.3815      38.7191       1.7826      -0.6493       0.4036 
      0.3356       1.1324       1.7826      15.2621      -0.4419      -0.5021 
     -0.1944      -0.1395      -0.6493      -0.4419      12.9173       1.1517 
     -0.0887      -0.3994       0.4036      -0.5021       1.1517      13.7071 
#       Voigt     Reuss       Hill 
bulk    17.0806       16.9779       17.029246648929053 
shear    14.8245       14.6066       14.715562604902011

GeoDict Calculation



Verification of Gassmann Equation (full rock)

• Dry rock homogenized stiffness

• Saturated rock homogenized stiffness

• GeoDict calculated  

23.7291 GPa

Ksat

• Gassmann Eqn.  

23.6966 GPa

Ksat

• Rela+ve error 

~ 0.1% 

Kmin = 36 𝖦𝖯𝖺 Porosity 16.51%
B1 Rock

GeoDict Calculation



Verification of Gassmann Equation (full rock)

• Dry rock homogenized stiffness

• Saturated rock homogenized stiffness

• GeoDict calculated  

20.4172 GPa

Ksat

• Gassmann Eqn.  

20.4012 GPa

Ksat

• Rela+ve error 

~ 0.07% 

Kmin = 36 𝖦𝖯𝖺 Porosity 22.20%CG Rock

GeoDict Calculation



Verification of Gassmann Equation (sub-cube)
B1 Rock

FFT-Goose Calculation

Test: verification of Gassmann Eqn. for B1 rock using FFT-Goose for 1 subcube 

• Subcube size: 75 

• Porosity: 30.162%

Data available via (Rock_75_1.raw): hNps://drive.google.com/drive/folders/18iJ1EgtYwQV9h3r0uV8FD1fN-fyVc0Qm 

Computation time: ~1 week (MC3 single CPU)

Dry rock

Saturated rock Rela+ve Error

0.8%

Bulk modulus 

16.9219 GPa

Bulk modulus 

14.2791 GPa

Bulk modulus 

16.7859 GPa

Gassmann Equa3on

https://drive.google.com/drive/folders/18iJ1EgtYwQV9h3r0uV8FD1fN-fyVc0Qm
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Mechanics of sub-cubes

• Different average methods - error analysis

• Voigt method is comparably ore accurate. 

• Rela+ve errors posi+vely correlate with porosity.



Mechanics of sub-cubes

• Comparison with theory and results from literature.

Saxena et al., Marine and Petroleum Geology, 2017

B1

0.1651

~23.7

ϕc = 0.4

HHM

ϕc = 0.7

• The bulk modulus-porosity correlation of subcubes agrees well with the linear theory from literature.

Nur et al., The Leading Edge, 17(3):357–362, March 1998. 

https://www.sciencedirect.com/journal/marine-and-petroleum-geology


Mechanics of sub-cubes

• Different average methods - error analysis

Saxena et al., Marine and Petroleum Geology, 2017

Nur et al., The Leading Edge, 17(3):357–362, March 1998. 

• The shear modulus-porosity correlation of subcubes agrees well with the linear theory from literature.

https://www.sciencedirect.com/journal/marine-and-petroleum-geology


Mechanics of sub-cubes

• Different average methods - error analysis

Saxena et al., Marine and Petroleum Geology, 2017

B1

• The shear modulus-bulk modulus correlation of subcubes agrees well with the linear theory from literature. 

• The dry and saturated digital rocks follow the same trend on the shear-bulk modulus diagram.

https://www.sciencedirect.com/journal/marine-and-petroleum-geology
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Generation of superresolution via machine learning

Liu et al., GRL, 2022

ℝ400

ℝ800
ℝ800

ℝ1600
ℝ3200

1. With prior knowledge and experimentations, porosity correlates negatively with stiffnesses. 

2. We want to know how will generative superresolution change the mechanical properties of rocks. 

3. Before applying HHM to do the calculation, we want to first check the gray-scale of the generated rocks.



Gray-scale value distributions of generated rocks
• Comparative analysis on the gray-scale distribution for different superresolution rocks

Original rock Original rock Original rock

ℝ800 ℝ1600 ℝ3200

•   and  rocks’ gray-scale values’ peaks are centered in ~150, there are a few rocks that have similar peaks with the 

original  rock.   rocks’ gray-scale values’ peaks are more randomly distributed. 

• One shall focus on analyzing the rocks that display peaks occur at the similar grayscale value with the original rock (they have 
similar data distribution).

ℝ1600 ℝ3200

ℝ400 ℝ800



Porosities and thresholds of generated rocks
• Statistical analysis of the numerical average of the generated rocks

Averaged gray-scale  

( )ℝ400

• Using the Otsu method, the  rock are less porous after the segmentation based on numerical average of the gray scale.  

• The generated gray-scale values are lower. 

• Based on our previous analysis, numerical average will decrease the porosity. One may expect that  rock is the most porous 
(and hence the lowest modulus) before the numerical average.

ℝ1600

ℝ1600



Effects of numerical average on gray-scale values

• Comparative analysis of the porosity & threshold for  rocks before & after numerical averageℝ800

• Due to the high computational burden for  and  rocks for segmentation from the Otsu method, here I only do a 

demonstration using the  rock to illustrate how numerical averaging decreases the porosity of the rocks.  

• The right subfigure also demonstrates that even after the numerical average the generated rocks generally display higher porosities .

ℝ1600 ℝ3200

ℝ800



Summary

• General method of HHM and workflow  

• Benchmarking HHM with Gassmann Equation 

- GeoDict calculation satisfies Gassmann Eqn. For sub-cube & HHM 

- In-house FFT code calculation satisfies Gassmann Eqn. For sub-cube & HHM 

• Analysis of sub-cube mechanics 

- Sub-cubes’ mechanical properties agrees well with the theory proposed in the literature 

• Statistical analysis of GAN generated rocks 

- The gray-scale values of the generated rocks are pretty random


