
2nd Reading

May 12, 2023 11:19 WSPC-255-IJAM S1758-8251 2350044

International Journal of Applied Mechanics
(2023) 2350044 (26 pages)
c© World Scientific Publishing Europe Ltd.

DOI: 10.1142/S1758825123500448

Multiscale Mechanics of Thermal Gradient Coupled

Graphene Fracture: A Molecular Dynamics Study

Hanfeng Zhai and Jingjie Yeo∗

Sibley School of Mechanical and Aerospace Engineering
Cornell University, Ithaca, New York 14850, USA

∗jingjieyeo@cornell.edu

Received 28 January 2023
Revised 13 March 2023

Accepted 14 March 2023
Published 9 May 2023

The thermo-mechanical coupling mechanism of graphene fracture under thermal
gradients possesses rich applications whereas is hard to study due to its coupled non-
equilibrium nature. We employ non-equilibrium molecular dynamics to study the fracture
of graphene by applying a fixed strain rate under different thermal gradients by employ-
ing different potential fields. It is found that for AIREBO and AIREBO-M, the fracture
stresses do not strictly follow the positive correlations with the initial crack length.
Strain-hardening effects are observed for “REBO-based” potential models of small ini-
tial defects, which is interpreted as blunting effect observed for porous graphene. The
temperature gradients are observed to not show clear relations with the fracture stresses
and crack propagation dynamics. Quantized fracture mechanics verifies our molecular
dynamics calculations. We provide a unique perspective that the transverse bond forces
share the loading to account for the nonlinear increase of fracture stress with shorter
crack length. Anomalous kinetic energy transportation along crack tips is observed for
“REBO-based” potential models, which we attribute to the high interatomic attractions
in the potential models. The fractures are honored to be more “brittle-liked” carried out
using machine learning interatomic potential (MLIP), yet incapable of simulating post
fracture dynamical behaviors. The mechanical responses using MLIP are observed to
be not related to temperature gradients. The temperature configuration of equilibration
simulation employing the dropout uncertainty neural network potential with a dropout
rate of 0.1 is reported to be the most accurate compared with the rest. This work is
expected to inspire further investigation of non-equilibrium dynamics in graphene with
practical applications in various engineering fields.

Keywords: Two-dimensional materials; nanomaterials; molecular dynamics; fracture;
heat transfer; machine learning potentials.

1. Introduction

Two-dimensional materials are one of the fastest growing and active nanoma-

terials research areas, due to their exceptional mechanical [Liu and Wu, 2016;

∗Corresponding author.
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Akinwande et al., 2017; Wei and Yang, 2018], thermal [Kasirga, 2020; Song et al.,

2018; Gu et al., 2018] and electrical properties [Bunch, 2008; Ando, 2009]. Graphene

is a 2D material with a single layer of carbon atoms arranged in a honeycomb lat-

tice structure with sp2 bonds [Ng et al., 2012]. The successful synthesis of graphene

[Novoselov et al., 2004] led to significant technological advances in graphene-based

devices such as semiconductors [Obeng and Srinivasan, 2011; Xie et al., 2018], bat-

teries [Wang et al., 2009; Chen et al., 2017], biomedical devices [Yang et al.,

2013; Shareena et al., 2018], water desalination membranes [Boretti et al., 2018;

Homaeigohar and Elbahri, 2017], and many other industrial applications, largely

because of its superior mechanical [Xu and Buehler, 2009; Xu et al., 2012] and

thermal properties [Balandin et al., 2008; Hu et al., 2009; Balandin, 2011].

More specifically, the high toughness [Zhang et al., 2015; Xu et al., 2012;

Yanovsky et al., 2009], strength [Papageorgiou et al., 2017; Wan et al., 2021], and

thermal conductivity [Ng et al., 2012; Jung et al., 2017] make graphene an ideal

candidate for a broad variety of engineering applications. During the fracture of

graphene [Zhang et al., 2015], the nonlinear elastic regime plays a significant role

in determining the strength of graphene [Wei and Kysar, 2012; Lee et al., 2008].

Both the strength and the presence of defects strongly influence graphene fracture

[Wei and Yang, 2018]. Topological defects like dislocations and grain boundaries

can alter both the mechanical [Grantab et al., 2010; Wei et al., 2012; Zhang et al.,

2012] and the thermal properties [Ng et al., 2012; Wei and Yang, 2018; Bagri et al.,

2011; Li et al., 2019] of graphene. The effects on graphene fracture from the cou-

pling of thermal and mechanical loads remain an interesting and ongoing research

topic. Jangid and Kottantharayil [2020] showed that methane gas treatment at a

high temperature can reconstruct fractured graphene, considering one of the main

reasons for graphene fracture — the electrical breakdown due to resistive heating.

Liu et al. [2020] tailored the microstructure of graphene composites to enable both

high thermal conductivity and toughness. Most interestingly, Yoo et al. [2021] used

both experimental approaches and Monte Carlo simulations to show that multiple

single-wall carbon nanotubes (SWCNT) under high-temperature heat treatment

merged into new morphologies as temperature differences could break and reform

carbon–carbon bonds.

The development of machine learning (ML) and data-driven methods enabled

new advances in computational modeling and molecular simulations. One such

example is the machine learning potential (MLP). Most MLPs adopt the pioneering

concept by Behler and Parrinello [2007]; Artrith et al. [2011] and Artrith and Behler

[2012] of utilizing neural networks to learn the molecular energy configuration based

on first principle calculations to scale up ab initio calculations. E and coworkers

developed deep potential molecular dynamics (DeePMD) that employs the idea of

Behler and Parrinello [2007]’s formulation but further can train and infer atomic

potential fields of different target materials implemented in state-of-the-art compu-

tational platforms [Wang et al., 2018; Zhang et al., 2018]. Shapeev and coworkers
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developed machine learning interatomic potentials (MLIP) based on moment tensor

operations [Novikov et al., 2021]. Wen et al. used dropout matrices to thin the origi-

nal neural networks for less uncertainty and named the method dropout uncertainty

neural network (DUNN) [Wen and Tadmor, 2020]. For the ease of fast implemen-

tation in PyTorch, Gao et al. developed a framework called TorchANI [Gao et al.,

2020]. Most recently, Jung et al. [2022] developed an MLP using TorchANI specif-

ically for graphene fracture. In training the MLPs [Jung et al., 2022] and DUNN

[Wen and Tadmor, 2020, 2019] formulations include the differences of energy and

forces in the loss function, whereas the MLIP [Novikov et al., 2021] and DeePMD

[Wang et al., 2018] also include the (virial) stress. Arising from these important

milestones, it is still unknown how these MLPs will perform when compared with

empirical potentials in molecular simulations regarding the nonequilibrium fracture

dynamics of graphene.

Inspired by the work of Yoo et al. [2021] and Jangid and Kottantharayil [2020],

an interesting question hence arises: how will thermal energy influence the process

of graphene fracture? This question is significant in three aspects. (1) Theoretically,

the fracture process under a thermal gradient is nonlinear and non-equilibrium in

nature [Yuan and Kalkhof, 2000], which is hard to either model or experiment with.

Hence, describing the physical details is difficult, which will be elaborated on in the

next paragraph. (2) Considering graphene’s broad range of applications, graphene

layer(s) subjected to thermal gradients is an omnipresent scenario, either as mate-

rials for batteries or semiconductors [Wang et al., 2009; Chen et al., 2017; Obeng

and Srinivasan, 2011; Xie et al., 2018] and in which defects are largely unavoid-

able [Wei and Yang, 2018; Araujo et al., 2012; Hashimoto et al., 2004]. Therefore,

solving this problem has valuable industrial potential. (3) There are a few related

studies on this topic. A number of publications studied graphene’s mechanical [Hu

et al., 2021; Xu and Buehler, 2009] or thermal properties [Balandin et al., 2008;

Hu et al., 2009; Balandin, 2011] either separately or measured related parameters

under equilibrium state [Xu et al., 2012; Hu et al., 2021; Felix et al., 2020], but not

the non-equilibrium thermo-mechanical coupling in graphene fracture.

When a thermal gradient is induced in the graphene between the heat source

and sink, the physical system is not in equilibrium [Yuan and Kalkhof, 2000].

At the molecular scale, the fracture of graphene is fundamentally the breaking

of carbon–carbon bonds, which in essence is also a non-equilibrium process. To

explore the mechanisms underlying such coupled processes, we use non-equilibrium

molecular dynamics (NEMD) simulations to study the fracture behavior of a

single graphene layer subjected to varying thermal gradients. We adopt four of

the most commonly used empirical forcefields from current literature to model

graphene: reactive bond order (REBO) [Brenner et al., 2002], adaptive intermolec-

ular REBO (AIREBO) [Stuart et al., 2000], AIREBO-M [O’Connor et al., 2015],

and optimized Tersoff [Lindsay and Broido, 2010] forcefields. We study the graphene

thermo-mechanical responses for fracture characterization. We also adopt the MLIP
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[Novikov et al., 2021] and DUNN [Wen and Tadmor, 2020] to characterize the dif-

ferences within MLPs and compare them with empirical potentials.

This paper is arranged as follows: in Sec. 2, we briefly introduce the mathematical

derivation of the empirical potentials (Sec. 2.1) and MLPs (Sec. 2.2), as well as

our numerical setup, including the problem formulation and the simulation details.

The results are presented and discussed in Sec. 3, where the effects of the empirical

potentials are elaborated in Sec. 3.1, the influence of thermo-mechanical coupling on

the fracture process is proposed in Sec. 3.2, the fracture dynamics are characterized

in Sec. 3.3 and the MLPs are compared in Sec. 2.2. Finally, we make our conclusions

in Sec. 4.

2. Methodology and Modeling

2.1. Empirical interatomic potentials

In molecular modeling of materials, interatomic potential energy functions, also

known as forcefields or potentials, constitute the materials’ overall physical proper-

ties. Empirical potentials, describing the atomic interactions based on symbolized

empirical mathematical formulation, calculate the energy and potential spaces with

interatomic motion based on Newtonian dynamics. Here, several widely applied

empirical potentials are adopted for graphene in our modeling for comparison.

Generally, the atomic energies can be expanded in series as the sum of potentials,

in which similar models can be viewed as an analog of Taylor series expansion. Based

on these ideas, the energy of N interacting particles can be written as

E =
∑
i

Vi(ri) +
∑
i<j

V2(ri, rj) +
∑
i<j<k

V3(ri, rj , rk) + · · · , (1)

where rn is the position of the nth particle and Vm is called the m-body poten-

tial, where
∑
i Vi(ri) is the external potential. Detailed discussions can be found in

Tersoff [1988]. Here, we briefly elaborate on the basic forms of interatomic potentials

Vij and energies E of different empirical models.

2.1.1. Optimized Tersoff

In the Tersoff proposition [Tersoff, 1986, 1988], the potential was derived for cova-

lently bonded structures fitted through parameterized rescaling [Ferrante et al.,

1983; Rose et al., 1983]. Such an interatomic potential has the form:

ETersoff =
∑
i

ETersoff
i =

1

2

∑
i6=j

V Tersoff
ij ,

V Tersoff
ij = fTersoff

C (rij)[Ae
(−λirij) −Bije(−λ2rij)],

(2)

where E is the total energy of the system, Ei is site i’s site energy, to make the

asymmetry of Vij more intuitive. Vij and rij are the interaction energy and distance
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between atom i and j, respectively. A, B, λ1 and λ2 are parameters with positive

values, with λ1 > λ2. fc is the cutoff function to restrict potential ranges. The

second term of Vij represents bonding, where Bij includes the bond order and

hence depends upon the environment. The details of these parameters are provided

in the Electronic Supplementary Information (ESI) [Tersoff, 1986].

Subsequently, Lindsay and Broido [2010] proposed an optimized version of the

Tersoff potential, which captured graphene’s thermal properties more accurately

compared with the original Tersoff, REBO, and AIREBO potentials [Si et al., 2017].

The target parameters were optimized with chi-square minimization [Lindsay and

Broido, 2010; Mahdizadeh and Akhlamadi, 2017]. The chi-square (χ2) is given by

χ2 =
∑
i

Ui − UB
U2
B

ζi, (3)

where UB denotes benchmark parameters used in the fitting process, which can

be based on first-principal calculations [Mahdizadeh and Akhlamadi, 2017] and/or

experiments [Lindsay and Broido, 2010]. Ui denotes the corresponding values

obtained from the original Tersoff potential, and ζi denotes weighting factors that

determine the relative importance of Ui in the fitting process. In our approach, the

fitted parameters for the optimized Tersoff potential are given in the ESI.

2.1.2. Reactive bond order (REBO)

The reactive bond order (REBO) potential was first proposed by Brenner [1990,

1992], which is an exclusively short-ranged potential [Stuart et al., 2000]. The inter-

action of two atoms is computed only when their distance is less than a covalent-

bonding cutoff rmax
ij , where the interaction is as follows:

EREBO
ij =

∑
j 6=i

fREBO
c (rij)[VR(rij) + b̄ijV

A
ij ], (4)

where V Rij and V Aij are the repulsive and attractive pairwise potentials between

atoms i and j determined from their interatomic distance, rij . b̄ij is the many-body

term (see Sec. 1.2 in ESI). The repulsive V R and attractive V A terms take the form

[Brenner, 1990]:

V R
ij =

3∑
n=1

Bne
βnr,

V A
ij =

(
1 +

Q

r

)
Aeαr.

(5)

Full information on the pertinent parameters is provided in the ESI. Note that V A
ij is

switched off for long-ranged atomic interactions through bond weights. More details

can also be found in Stuart et al. [2000] and Brenner [1992, 1990].
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2.1.3. Adaptive intermolecular REBO (AIREBO)

While successful in describing intramolecular interactions, the REBO potential

still lacks the inclusion of intermolecular interactions. Stuart et al. [2000] further

proposed the adaptive intermolecular REBO (AIREBO) method, adding Leonard-

Jones (LJ) and torsional interactions to the total potential:

EAIREBO =
1

2

∑
i

∑
j 6=i

EREBO
ij + ELJ

ij +
∑
k 6=i,j

∑
l 6=i,j,k

ETorsion
kijl

, (6)

where the detailed forms of ELJ
ij and ETorsion

kijl and the corresponding V LJ
ij (rij) and

V Torsion
kijl (rij) are given in the ESI. The detailed derivation of these equations can be

found in Stuart et al. [2000].

2.1.4. AIREBO-M

Even with the added inter-molecular terms, the AIREBO potential was still unable

to accurately model high-pressure systems due to extremely strong repulsive forces

under such conditions. O’Connor et al. [2015] replaced the LJ interactions with the

Morse potential to more accurately describe the inter-molecular interactions:

V Morse
ij (r) = −εij [1− (1− eαij(r−reqij ))2], (7)

where the depth and location of the minimum energy are defined through ε and req.

α modifies the curvature of the potential energy.

The total energy and the potential energy can then be obtained by solving the

Schrödinger Equation [David, 2003]

− ~
2m

d2ψ

dx2
+ V Morseψ = EMorseψ, (8)

where ψ is the wave function, ~ is the Planck constant, and m is the particle’s mass.

Hence, the final form of the total energy of AIREBO-M potential is

EAIREBO−M = EREBO + EMorse + ETorsion, (9)

where detailed parameterization and definition of the Morse potential can be found

in the ESI [O’Connor et al., 2015].

The four empirical potentials introduced herein were employed in modeling

nanoporous graphene fracture under thermal gradients with high strain rate loading

for comparison and unveiling the underlying mechanism and the physics.

2.2. Machine learning ab initio potentials

he core idea of MLPs is to employ ML (neural networks in our cases) as an approxi-

mator to scale up molecular interactions based on quantum-mechanical calculations.
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Most state-of-the-art MLP models follow the pioneering work conducted by Behler

and Parrinello [2007]; Artrith et al. [2011] and Artrith and Behler [2012], which con-

struct the ab initio computational domain using the atomic configurations as input

for the ML model to construct the surrogates with energy fields as output. The

general supervised learning task is formulated and the approximator (i.e., neural

networks, Gaussian process) is trained on data based on density functional the-

ory (DFT), ab initio molecular dynamics (AIMD), or other first principle methods.

The learned energy fields can then be extended to calculate the interactions at

the molecular level based on Newtonian dynamics. Here, two widely used MLPs,

MLIP [Novikov et al., 2021] and DUNN [Wen and Tadmor, 2020], are adopted to

benchmark the calculation of graphene properties.

2.2.1. Machine learning interatomic potentials (MLIP)

The MLIP model was first proposed by Novikov et al. [2021, 2022] and later imple-

mented in graphene [Mortazavi et al., 2022, 2021]. They apply moment tensor

potentials (MTP) to seamlessly accelerate first principle calculations and incor-

porate active learning strategies for more efficient training and model construction.

The total energy takes the form

EMTP =

n∑
i=1

Vi(ri) −→ Vi(ri) =
∑
α

ξαBα(ri). (10)

Here, the function V is linearly expanded through a set of basis function Bα.

ξ = {ξα} denotes parameters obtained through fitting to the training sets. Shapeev

and coworkers then introduce moment tensor descriptors and construct the basis

functions from the level of these moments. More details can be found in the ESI

and their tutorial paper [Novikov et al., 2021].

Suppose the quantum-mechanical energy EQM is known for training, with its

corresponding stress tensors σQM. The whole learning process can be viewed as using

a neural network (NN) as an approximator to fit the known energy and stresses. If

we denote the fitting parameters as θ, the fitting procedure can be simplified as

L =

K∑
k=1

[
weE(EMTP, EQM) + wf

Nk∑
i=1

E(fMTP
i , fQM

i ) + wsE(σMTP, σQM)

]
−→ min

θ
,

(11)

where Nk denotes the atomic numbers in the kth configuration. we, wf , and ws are

weights for energies, forces, and stresses. E denotes the error measurements, i.e.,

mean-square errors (MSE), root MSE, and absolute errors. L is the loss function

to be minimized during optimization. θ denotes the hyperparameters for the MTP

predicted physical properties evolving during optimization. The detailed forms are

given in the ESI and further derivation in Novikov et al. [2021]. Here, MLIP is used

to replace traditional empirical potentials to benchmark the simulations of porous

graphene fracture.
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2.2.2. Dropout uncertainty neural network (DUNN)

Even though MLP methods are useful for scaling up molecular simulations with ab

initio accuracy, they lack interpretable models for the observed phenomena, leading

to unknown accuracy outside the training set. Wen and Tadmor dealt with these

limitations by proposing the DUNN model by eliciting a dropout matrix D to the

original energy formulation by Behler and Parrinello [2007]; Artrith et al. [2011]

and Artrith and Behler [2012]

EDUNN =

N∑
i=1

EDUNN
i ,

−→ EDUNN
i = h[h[y0(D1W1) + b1](D2W2) + b2](D3W3) + b3,

(12)

where Di is a square diagonal binary matrix of integers 0 or 1, in which the diagonal

follows the Bernoulli distribution [Wen and Tadmor, 2020]. With the formulation by

Artrith and Behler [2012], the input layer y0 (where yj0 denotes the jth neurons in

the layer) is transformed through Ndesc descriptors gj(ri) satisfying the symmetry

requirements, with a specified cutoff radius. Note that ri can be viewed as describing

the local environment within the cutoff, such that

yj0 = gj(ri), j = 1, 2, . . . , Ndesc. (13)

Now, one can define Eq. (12) as the dropout NN with the updated weights

W̃i = DiWi, for which the new model is interpreted by Wen and Tadmor as

a Bayesian model. In such a model, the prior distribution p(ω) over parameters

ω = {W̃1,W̃2,W̃3,b1,b2,b3} induces the predictive distribution concerning the

likelihood p(Y |X , ω) for training data of (X ,Y)

p(ω | X ,Y) ∝ p(Y |X , ω)p(ω),

−→ p(z |x∗,X ,Y) =

∫
p(z |x∗, ω)p(ω | X ,Y)dω,

(14)

where z is the quantity of interest, and x∗ denotes the descriptors for a configuration

associated with z. Note that the training process of DUNN differed from MLIP by

the fact that the loss function only contains the differences of energy and forces

with no stress included, Wen and Tadmor [2020].

Here, three different types of DUNN [Mingjian Wen, 2019a,b,c] with different

dropout rates were adopted to study the temperature distribution at equilibrium

using a small portion of the entire graphene sheet. The details are elaborated further

in Sec. 2.3 and the ESI.

2.3. Simulation setup

The MD model consists of a three-dimensional simulation box with X and Y

dimensions of 50 nm and the Z dimension (height) of 6 nm with full periodic bound-

ary conditions (Fig. 1). The X direction is the armchair direction and Y is the
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Fig. 1. (Color online) The schematic of the simulation setup. A single graphene layer with a
defect is constrained in the simulation box, with periodic boundary conditions applied on each
side. A temperature gradient is enforced in the Y direction (green arrow) by fixing two constant
temperature regions (heat sink and heat source) of height lH . A tensile strain rate of 1010 s−1 is
applied in the X direction (red arrow). The size of the simulation box is 50×50×6 nm (X×Y×Z).
The defect is a symmetric atomic vacancy with a width of 0.71 nm. LC denotes the length of
the crack (or defect) and the defect is generated by continuously creating a double vacancy and
removing their adjacent carbon atoms.

zigzag direction. A thermal gradient is enforced in the Y direction using a heat

source and sink placed at the lower and upper portions, respectively. At the cen-

ter of the graphene layer, a defect of different lengths is introduced to account for

possible sizing effects from this pre-crack. To propagate the crack, a strain rate of

109 s−1 is applied in the X direction, as indicated by the gray shaded arrows in

Fig. 1.

To investigate the thermo-mechanical coupling behavior, two parameters are

tuned in the simulation: the pre-crack length LC , and the temperature differences

between the heat source and sink ∆T . Five different pre-crack lengths (1.7217,

3.1974, 4.1812, 5.6569, and 8.1164 nm) with a width of 0.71 nm, and four different

thermal gradient values (0, 100, 200, and 300 K) are probed in the simulations.

The mechanical properties are characterized by stress–strain responses. Using

the deformation gradient tensor F = ∂x
∂X described by the reference and current

configurations X = (X1, X2, X3) (can be also written as X = (X,Y,Z), here use Xi

for the ease of notations for strain representations) and x = (x1, x2, x3) (can be also

written as x = (x, y, z)), the constitutive model can be written as σ = Φ(F(X, t),X).

From F one can derive the displacements, u = x −X, from which one can obtain

the strain in 3D with indicial notation: εij = 1
2 ( ∂ui

∂Xj
+

∂uj

∂Xj
). The strain rate will

then be

ε̇(t) =
dε

dt
=

d

dt

(
xi(t)−Xi

Xi

)
. (15)

By applying a constant strain rate, the corresponding stress–strain response of the

graphene layer can be determined, where the yield stress is σY = max(σ(t)), and

the corresponding yield strain takes the form εY = Φ−1(σY ).
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By performing the simulations using the empirical potentials, three properties

are of core interest when studying the mechanism of such non-equilibrium frac-

ture dynamics: the separate effects of the pre-crack lengths and thermal gradients,

and the coupled effects of the thermo-mechanical mechanisms on the fracture of

graphene. Here, we apply a high strain rate ε̇ = 109 s−1 (10−3 ps−1) according to

the work of Zhao and Aluru [2010], as we hope to (1) benchmark our mechanical

responses and compare the results; (2) investigate the coupling mechanisms dur-

ing the fracture process under this non-equilibrium condition. Our main goal is

to explore the mechanical responses while considering (1) exploring the variations

between potential models, and (2) unraveling the molecular physical details inde-

pendent of the errors induced by different computational modeling methods, i.e.,

the interatomic potential employed.

After running for 10,000 steps, the temperature distribution along the Y posi-

tion is shown in Fig. 2. The four subfigures indicate the temperature distribution

Fig. 2. (Color online) The temperature distribution within the single graphene layer after equili-
brating for 10,000 steps. The scattered dots in different colors represent different graphene layers
with varying pre-crack lengths, as indicated in the legend. The red dashed line and arrow denote
the boundary of the “heat source” region with a higher temperature, while the blue dashed line
and arrow denote the boundary of the “heat sink” region with a lower temperature. The linear
fit to the temperature distribution is marked as a black solid line. The four columns indicate four
different temperature gradients and the four rows are the temperature distribution under different
potential fields.
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along with the Y direction position. We conclude that the temperature gradient is

linear within the mid-region where the crack will propagate. Following the equili-

bration, 500,000 steps of tensile loading were carried out under the constant thermal

gradient. The simulation was carried out using the NVE ensemble. (See Sec. 7 in

ESI for the details of implementation in LAMMPS).

For benchmarking the MLPs, two simulation cases were set: (1) when bench-

marking the MLIP potential model, we directly replace the empirical potentials

with MLIP and carry out the same simulations (see Sec. 2.2 in ESI for technical

implementation details). (2) In our attempts, the DUNN model could not handle

deforming boxes and high-temperature gradients: the simulation breaks into errors

from the DUNN potentials; and also tends to be more computationally consuming,

we hence create a smaller simulation box (length ∼ 1
5 of the original length) and only

ran the 10,000 steps of equilibration with zero temperature gradient following the

same procedure as before to test the model’s ability to recreate the thermal condi-

tions. Four MLP models, i.e., MLIP [Novikov et al., 2021], DUNN v1 [Mingjian Wen,

2019a], DUNN v2 [Mingjian Wen, 2019b] and DUNN v3 [Mingjian Wen, 2019c], are

all employed in this case. Note that DUNN v1, v2, and v3, stand for the DUNN with

different dropout ratios of 0.1, 0.2, and 0.3, respectively. The details can be found in

Wen and Tadmor [2020].

3. Results and Discussion

3.1. Influence of interatomic potentials on Thermo-mechanical

responses

Figure 3 shows the mechanical responses of graphene sheets while varying the initial

defect lengths, temperature gradients, and interatomic potential fields. Intuitively,

longer initial defects should result in graphene fracturing at lower stresses. But by

observing Figs. 3(a) and 3(d), such a trend is not strictly obeyed: the blue and

red dots shift back and force at different temperature gradients. In contrast, from

both Figs. 3(b) and 3(c), the pre-crack lengths correlate with fracture stresses. We

deduce that “REBO-based” potentials, i.e., REBO, AIREBO, AIREBO-M, exhibit

non-intuitive results: the fracture stresses are not strictly positively correlated with

initial crack length. This point will be discussed further in our characterization of

the fracture profile in Sec. 3.3. Another interesting phenomenon is that the simula-

tions employing the “REBO-based” potentials display strain-hardening effects for

graphene with small initial defects, shown by the black dots in Figs. 3(a), 3(b) and

3(d). We proffer two explanations: (1) The coupling effect of relatively high strain

rate and strong attraction between atoms. From Eq. (5), we know the attractive

forces are switched off for long distances in the REBO potential. Under certain

strain rate loading, at a specific strain when the interatomic distance is still within

the cutoff range, the interatomic attraction that still resists the applied loading

contributes to the stress increase as the strain-hardening effect is observed. (2) The
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Fig. 3. The stress–strain responses of the graphene sheet during non-equilibrium, high strain rate
tensile tests under thermal gradients. Subfigures (a)–(d) denote the simulations using AIREBO,
REBO, optimized Tersoff, and AIREBO-M potential fields, respectively, as indicated in the labels.
The corresponding suffixes 1, 2, 3, 4 denote different temperature gradients as indicated in the
titles. Lines of different colors denote graphene sheets of different initial defects as shown in the
legend.

transverse bond energy in the X direction further resists the loading. The strain

hardening effect is only observed when the initial defect is small in our simulations,

where chemical bonds in the X direction help resist the loading. This point will be

elaborated further in Sec. 3.2. Such strain-hardening phenomena are also observed

in MD simulations of nanoporous graphene [Cohen-Tanugi and Grossman, 2014;

Saumya et al., 2020], graphene nanoribbons [Bu et al., 2009], multilayer graphene

[Zhong et al., 2019], which agree with our findings here.

By comparing Figs. 3(a)–3(d), the temperature did not affect the mechanical

responses for different potentials. By defining the fracture stress to be the high-

est value during loading and the corresponding strain to be the fracture strain,

in Fig. 3(c), higher temperature gradients reduce the differences between fracture

stresses and strains with different initial defects if the optimized Tersoff potential is

used. In Figs. 3(a) and 3(b), the AIREBO and REBO potentials approximate such

a trend as well. In Fig. 3(d) using the AIREBO-M potential, higher temperature

gradients seem to increase the differences between fracture stresses and strains of
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different initial defect sizes. In short, no clear mechanism can be observed to relate

fracture stresses and strains to temperature across the different potentials. The

AIREBO and AIREBO-M potentials are reported to exhibit higher fracture stress

values and corresponding strains, with the optimized Tersoff and REBO potentials

displaying lower fracture stresses and strains.

3.2. Thermo-mechanical coupling mechanism

Figure 4 shows the relation between the fracture stresses and strains to different ini-

tial defect sizes and temperature gradients (see Fig. S5 in Sec. 6 in ESI for 3D data

visualization contour plot). To validate the results that relate fracture stresses to

Fig. 4. The fracture stresses and strains (σF and εF ) of the graphene layer with varying initial
defect lengths and temperature differences. (a) The fracture stresses in relation to initial defect
length, with the fitted curve by QFM marked in a black dashed line. The corresponding values
under different temperature gradients are marked in different shaped and colored markers. The
fitted fracture intensities KIC values are provided on the right-top corners of each subfigure.
(b) The relations between fracture stress and temperature gradients. (c) The relations between
fracture strains and temperature gradients. Note that for (b) and (c), each colored dotted line
indicates a specific initial crack length, LC , provided in the legend above.
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defect sizes (in Fig. 4(a)), we apply quantized fracture mechanics (QFM) to deter-

mine the fracture intensity KIC for comparison with literature values. In the work

by Pugno and Ruoff [2004], to describe discrete crack propagation, Griffith’s crite-

rion can be quantized using QFM: an energy-based method that could accurately

describe fracture observed in molecular dynamics (MD) simulations [Pugno et al.,

2008]. If we denote the smallest length of pre-crack that will propagate to be L0,

for graphene along the zigzag direction, L0 = 0.246 nm; the initial crack (defect

region of graphene) has a length of LC = 2L, where L is the half of the pre-crack

length, used in the derivation of QFM theory for easier benchmarking; and ρ is the

tip radius, which in our case ρ = 0.265 nm (see Fig. S2 of Sec. 3.2 in ESI [Zhao

and Aluru, 2010]). In continuum-based linear elastic fracture mechanics (LEFM),

fracture occurs when the stress intensity equals its critical value, KLEFM
I = KIC

[Irwin, 1957]. In QFM, the crack propagates when [Pugno and Ruoff, 2004]

KQFM
I =

√
1

L0

∫ L+L0

L

[KLEFM
I (L)]2dL = KIC. (16)

Substituting this KIC, the fracture stress in QFM writes σF (L) = KIC√
π(L+L0/2)

. By

extending this fracture stress from sharp to blunt cracks [Drory et al., 1995; Creager

and Paris, 1967], an asymptotic correction for small tip radii is needed in the form

[Pugno and Ruoff, 2004]:

σF (L, ρ) = KIC

√
1 + ρ

2L0

π
(
L + L0

2

) . (17)

We use Eq. (17) to calculate the critical stress intensity. We find that the KIC

values for the four potentials are approximately 9.49, 8.85, 8.85, 9.49 MPa
√

m, simi-

lar to the value of 9.2±0.8 MPa
√

m of fracture direction along the armchair direction

and ∼73◦ relative to the loading direction of the monolayer in Zhao et al. [2022]

and 10.7 ∼ 14 MPa
√

m in CVD-grown graphene [Hwangbo et al., 2014]. Yet, these

results are larger than the experimental value of 4.0 ± 0.6 MPa
√

m [Zhang et al.,

2014] and smaller than the value of 12 ± 3.9 MPa
√

m in multilayer graphene [Wei

et al., 2015]. By benchmarking against values by Zhao et al. [2022], our calculated

values have relative errors of 3.15%, 3.80%, 3.80%, and 3.15%, respectively, indicat-

ing that our calculations are generally accurate. Based on our fitted KIC using QFM

(Fig. 4(a)), we find an excellent match with our simulation data. Furthermore, to

verify the fitting accuracy in Fig. 4, we compute the R2 scores (a.k.a. coefficient of

determination) with respect to each potential model and temperature differences

using the following equation and generate Table 1:

R2 = 1−
∑

(σMD
F − σQFM

F )2∑
(mean(σMD

F )− σQFM
F )2

, (18)

where σMD
F and σQFM

F denote the fracture stresses computed from MD (using dif-

ferent empirical potential models) and QFM, respectively; and mean(·) denote the
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Table 1. The R2 scores calculated for estimating the fitting accuracy
of QFM w.r.t. MD simulations using different empirical potentials under
different temperature differences.

∆T = 0 K ∆T = 100 K ∆T = 200 K ∆T = 300 K

AIREBO 0.8741 0.9538 0.8740 0.9249
REBO 0.8395 0.8938 0.8964 0.8623
Opt-Tersoff 0.8841 0.8676 0.8780 0.8495
AIREBO-M 0.9117 0.9101 0.9101 0.8967

mean values of the total samples computed. Table 1 shows that the fitted QFM

curves are generally accurate for the MD simulation data, cross-verified both the

accuracy of QFM and our MD simulations.

We also provide a new perspective regarding the phenomenon observed in

Fig. 4(a): as the initial crack lengths get larger, the fracture stresses decrease

more mildly. To illustrate, the gray dashed arrows highlight the milder decreases as

the crack length increases, whilst the pink dashed arrows highlight the nonlinear,

steeply decreasing trends in shorter cracks. We proffer that for shorter cracks, the

bonds adjacent to the crack tip can withstand a significant amount of the horizontal

(X direction) component of the force causing crack opening at the crack tip. Hence,

the fracture stress increases and leads to crack rounding, as well as the nonlinear

increase of the fracture stress when the pre-crack length decreases. For longer initial

cracks, the forces are concentrated primarily at the tip of the crack itself, and the

adjacent bonds share less of the applied loads, leading to milder fracture stresses

when the initial cracks are longer. To illustrate, Fig. 5 shows the fracture process

Fig. 5. (Color online) The stress–strain responses of the graphene sheet for a small initial defect
(LC = 1.7217 nm) using the four different potential fields. The four subfigures (a)–(d) illustrate
the deformation and fracture profile along the defective area marked with the corresponding strain
values. The red star denotes the point where the fracture occurs. The inset at the blue triangular
dot is the initial morphology of the defect.
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with initial crack LC = 1.7217 nm corresponding to the stress–strain responses.

When comparing the morphology of the cracks for all four potentials before and

after the fractured moment (red star), it can be observed that the overall crack

widths are larger as the bonds adjacent to the crack tip share the loads, leading to

rounding of the cracks. Furthermore, by comparing Figs. 5(a) and 5(d) with 5(b)

and 5(c), we observe that, for AIREBO and AIREBO-M, the fracture begins with

a greater strain compared to REBO and optimized Tersoff: (1) the longest pulled

widths are longer by observing the morphology of the defect preceding the fracture

and (2) the fracture strains denoted by the red star are higher.

From Eqs. (2) and (4), the REBO and Tersoff models follow similar formula-

tions: the atomic interactions are linear combinations of repulsive and attractive

interactions. The attractive terms in REBO (Eq. (5)) are switched off for long-

distance interactions, and the weight function fCij ensures that interatomic inter-

actions are zero outside the cutoff range. From Eqs. (6) and (9), the AIREBO

and AIREBO-M potentials contain additional terms for the torsion energy, as

well as the Leonard-Jones and/or Morse energies, in comparison with the REBO

model. Hence, we propose that these extra energetic terms in the AIREBO and

AIREBO-M potentials can model the dynamic loading conditions more accurately

compared to the optimized Tersoff and REBO models in Fig. 5. Figures 5(b) and

5(c) indicate that no clear relationship can be inferred between temperature gra-

dients and fracture stresses and strains, thus agreeing with the trend observed in

Fig. 3.

3.3. Fracture characterizations

By observing the crack profiles for all cases (see Figs. S6–S9 in ESI for details),

the initial directions of crack propagation are not guided by the temperature gra-

dients but by an interesting phenomenon of kinetic energy transport along the tip

of the crack, which is observed and characterized in Fig. 6. The kinetic energy in

the fracture is the difference between the released strain energy and the surface

energy that drives the crack propagation, such that the propagation stops when

the accumulated kinetic energy approaches zero [Guo et al., 2015]. Intuitively, it

may be expected that a crack will start to propagate when sufficient kinetic energy

accumulates on one side to drive the propagation of the crack. However, for the

REBO, AIREBO, and AIREBO-M potentials, we unexpectedly observed that the

kinetic energy accumulated on one end drove crack propagation on the other end

instead. Figures 6(a)–6(c) and 6(e) illustrate this phenomenon for AIREBO, REBO,

AIREBO-M, under different temperature gradients. From Eqs. (4), (6), and (9), we

attribute this anomalous fracture behavior observed in the “REBO-based” poten-

tials to the comparatively strong, short-range attractive forces that firmly resist

crack propagation due to rapid accumulation of kinetic energy on one end, leading

to the strain energy being released on other ends of the crack instead. In addition,

we believe that coupled thermal non-equilibrium and high strain rate loading also
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Fig. 6. (Color online) Illustration of anomalous fracture in “REBO-based” potentials. The
subfigures (a)–(f) are the 6 representative simulation cases of the fracture processes. (A1)–(A3)
illustrate the anomalous fracture typically observed using the case of AIREBO potential under a
300 K temperature gradient as an example. The kinetic energy first accumulated on one end of
the crack but then propagates on the other end instead. (A4) is the corresponding stress–strain
response. The red and pink stars correspond to (A2) and (A3), respectively. (b) The anoma-
lous fracture observed under a 0 K temperature gradient with the AIREBO potential. (c) The
anomalous fracture observed with the REBO potential. (d) A normal fracture observed with the
optimized Tersoff potential. (e) The anomalous fracture observed with the AIREBO-M potential.
(f) A normal fracture observed with the REBO potential. The color bar indicates the atomic
velocities in units of Å · ps−1.

contribute to such “blunt-liked” mechanical responses. This anomalous fracture phe-

nomenon is more frequently observed at higher temperature gradients and longer

initial cracks, particularly for the AIREBO and AIREBO-M potentials (Refer to

Table S2 in ESI).

The visualizations indicate that the crack propagation does not strictly conform

to brittle fracture: the crack does not propagate as a sharp notch like in Zhang

et al. [2014], which adopted an initial defect length of 10 nm, which is longer than

our longest initial defect length (8.1164 nm). Hu et al. [2015] demonstrated that

porous graphene exhibited a blunting behavior of the crack tip. Hence, we believe

that the short cracks in our simulations are analogous to a circular pore, and the

blunting behavior may be attributed to the higher width-to-length aspect ratio. The

initial fracture of longer cracks is observed to be closer to pure brittle fractures (see

Figs. S6–S8 of Sec. 6 in ESI). However, the optimized Tersoff model does not seem

to be an ideal model to simulate the mechanical behaviors of graphene, as they

exhibit “crazing-like” fractures (see Fig. S9 in ESI), which should not be expected

for graphene.
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3.4. Benchmarking machine learning potentials

We repeat the experiments in Sec. 2.3 to benchmark different MLPs (Fig. 7). There

are no clear relations that can be concluded between the mechanical responses to

temperature gradients using the MLIP potential in Fig. 7(a), which agrees with

the observation in Fig. 3. For the four temperature gradients, Fig. 7(b) suggests

that the MLIP potential exhibits evidently smaller fracture stress compared to

the four empirical potentials. If we compute the average value of the four empir-

ical models under the four temperature gradients for benchmarking the MLIP

fracture stress, we obtain ratios of σMLIP
F ≈ 0.39σREBO

F , σMLIP
F ≈ 0.32σAIREBO

F ,

σMLIP
F ≈ 0.33σAIREBO−M

F . Figure 7(c) shows the thermal equilibration for the four

MLPs compared to the optimized Tersoff potential, which was specifically opti-

mized to describe graphene thermal properties with more accuracy than AIREBO

and AIREBO-M [Si et al., 2017]. Results in Fig. 7(c) suggest that DUNN with

a dropout rate of 0.1 (DUNN v1) has the most accurate temperature profile, as

indicated by the green stars. DUNN with a dropout rate of 0.1 has an accuracy

similar to MLIP, and DUNN v3 does not exhibit reliable temperature profiles with

high temperatures and nonlinear distributions. Investigating the influence of the

dropout ratio on the final configuration and various properties of graphene will be

an interesting future direction.

Figure 7(d) illustrates the fracture profile using the MLIP potential. The

graphene layer fractures in very similar manners under different temperature gradi-

ents are presented, hence we illustrate the representative case of ∆T = 300 K. The

fracture occurred at a strain of ε = 5%, which is 1
3 the value of empirical potentials

with a similar initial defect length (see ESI for the initial fracture profile). Brittle

fracture is observed which matches experimental results [Zhang et al., 2019] and

MD simulations [Zhang et al., 2014]. Immediately after fracture, the graphene sheet

“exploded” into scattered carbon atoms when ε = 6.5% (Fig. 7(d)). This result

indicates that the MLIP potential lacks the ability to model post-fracture deforma-

tions, which can possibly be attributed to the lack of relevant training data while

constructing the model.

4. Conclusion and Outlook

Using the LAMMPS software [Plimpton, 1995], we performed non-equilibrium MD

to study the fracture behavior of single-layer graphene sheets subjected to ther-

mal gradients and compared the behavior in different potential models and vary-

ing sizes of initial defect lengths. We are essentially interested in answering three

main questions: (1) What is the effect of the potential field on simulating the

thermo-mechanical behavior of graphene? (2) What are the underlying mechanisms

of fracture under extreme environments, i.e., high strain rates coupled with thermal

gradients? What’s more, the effects of different computational models, i.e., inter-

atomic potentials are also of significance in this question. (3) What are the initial
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characteristics of the fracture and are they influenced by thermal gradients and

potential fields? We also determined whether non-equilibrium simulations at the

molecular scale could match the theory of fracture mechanics. We further applied

state-of-the-art ab initio-based MLPs to benchmark our simulations with empirical

potentials and discussed the characteristics of the MLPs. These investigations pro-

vide a unique multiscale perspective from the first principle, to the molecular, to

the subcontinuum scale.

We found that (1) for the AIREBO and AIREBO-M potentials, fracture stresses

were not positively correlated with initial defect size; (2) strain-hardening effects

were observed for the “REBO-based” potentials; (3) temperature gradients did not

have direct effects on mechanical responses; and (4) the AIREBO and AIREBO-M

potentials exhibited higher fracture stresses compared to the optimized Tersoff and

REBO potentials. For (2), we attributed the strain-hardening to coupled effects

from the high strain rate, interatomic attractions, and transverse bond forces. We

validated our MD simulations with QFM. We provided a novel perspective of non-

linear increases in fracture stresses at smaller initial crack lengths as transverse

bonds helped to distribute the loads. Moreover, the AIREBO and AIREBO-M

potentials were estimated to exhibit stronger attraction, leading to higher bond

forces based on the observations of wider crack morphologies preceding the frac-

ture. Fracture stresses and strains were found to be unrelated to temperature

gradients, and similarly so for the initial directions and propagation of the frac-

ture. Interestingly, an anomalous fracture along the crack tips was observed and we

explained that the short-ranged attractive forces in “REBO-based” potentials, cou-

pled with high strain rates and thermal gradients are attributed to this “anomalous

blunt-liked” phenomena. From our results, the optimized Tersoff model could not

capture graphene’s fracture behaviors. We also proposed that the blunting effects

of the short cracks might be attributed to the strain-hardening effects observed

previously. The MLIP potential showed smaller fracture stresses, approximately 1
3

the values of the empirical potentials. With MLIP, brittle fractures were observed,

but the atoms “exploded” right after the fracture, which was unrealistic behav-

ior. By benchmarking the four MLPs, the DUNN with a dropout rate of 0.1 had

more ideal temperature distributions when compared with the optimized Tersoff

potential.

In brief, we investigated the multiscale, thermo-mechanical coupling mechanism

of graphene fracture under thermal gradients using computational MD simula-

tions, theoretical fracture mechanics, and machine-learned models. Our study fills

the gaps in (1) characterizing graphene’s extreme mechanical behavior under heat

gradients in non-equilibrium conditions and (2) benchmarking different machine-

learned potentials for molecular simulations. This work can potentially inspire fur-

ther studies and guide general industrial applications, such as fatigue and damage

in graphene-based batteries and biosensors.
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